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SUMMARY Massive multiple-input multiple-output (MIMO) technol-
ogy is one of the key enablers in the fifth generation mobile commu-
nications (5G), in order to accommodate growing traffic demands and
to utilize higher super high frequency (SHF) and extremely high fre-
quency (EHF) bands. In the paper, we propose a novel transmit pre-
coding named “nonlinear block multi-diagonalization (NL-BMD) pre-
coding” for multiuser MIMO (MU-MIMO) downlink toward 5G. Our
NL-BMD precoding strategy is composed of two essential techniques:
block multi-diagonalization (BMD) and adjacent inter-user interference
pre-cancellation (IUI-PC). First, as an extension of the conventional block
diagonalization (BD) method, the linear BMD precoder for the desired user
is computed to incorporate a predetermined number of interfering users, in
order to ensure extra degrees of freedom at the transmit array even after
null steering. Additionally, adjacent IUI-PC, as a nonlinear operation, is
introduced to manage the residual interference partially allowed in BMD
computation, with effectively-reduced numerical complexity. It is revealed
through computer simulations that the proposed NL-BMD precoding yields
up to 67% performance improvement in average sum-rate spectral efficiency
and enables large-capacity transmission regardless of the user distribution,
compared with the conventional BD precoding.
key words: 5G, massive MIMO, MU-MIMO, inter-user interference, pre-
coding, nonlinear block multi-diagonalization

1. Introduction

With the mobile traffic in the early 2020’s being predicted
to be 1,000 times greater than that of 2010, the fifth gen-
eration mobile communications (5G) are expected to ac-
commodate the forthcoming huge traffic demands [1], [2].
Massive multiple-input multiple-output (MIMO) technology
utilizing hundreds of antenna elements has drawn attention
as a key antenna configuration for envisioned 5G [3]–[6].
It enables us to drastically earn antenna beam gain and
spatial multiplexing capability, and its benefit is of sig-
nificance especially in higher super high frequency (SHF)
and extremely high frequency (EHF) bands. Specifically,
multiuser-MIMO (MU-MIMO) must be a spatially-efficient
wireless access system exploiting the benefit of massive
MIMO, where a base station (BS) equipped with multiple
antennas simultaneously makes co-channel communications
with multiple users equipped with multiple antennas. Fig-
ure 1 illustrates an envisioned use case of massive MIMO in
5G, where we assume that the antenna array at the BS is com-
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Fig. 1 Envisioned use case of massive MIMO in 5G.

posed of massive-element subarrays [7], of which each can
direct a sharp beam to the corresponding user. As discussed
in [7], we believe that the subarray-type analog-digital hybrid
beamforming architecture, composed of analog beamform-
ing by massive-element subarrays and digital MIMO signal
processing, is a promising solution for realizing massive
MIMO in practice.

In MU-MIMO downlink (DL), inter-user interfer-
ence (IUI) observed at each user is an essential issue due
to the broadcasting from BS even if using sharp beams. It is
desirable to mitigate IUI at BS in advance because there is a
more computational room at BS. Therefore, studies on pre-
coding or preprocessing for IUI reduction have been reported
in the past literature.

Our major objective is to have stable and large-capacity
links over MU-MIMO DL systems. So we need to establish
highly-spatial multiplexing with stability regardless of the
given spatial condition. From a viewpoint of physical layer,
it is important for the stability to ensure diversity gain in
addition to management of IUI.

Approaches of precoding for MU-MIMO DL can be
roughly classified into two strategies: i) linear precod-
ing (LP) schemes segmentalizing a channel into per-user
beamformed spaces, and ii) nonlinear precoding (NLP) ap-
proaches using nonlinear (NL) operation for IUI, namely IUI
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pre-cancellation (IUI-PC).
LP can be conventionally regarded as transmit (TX)

beamforming at BS. Block diagonalization (BD) is well
known as its typical case accomplishing perfect nulling,
where we direct prescribed nulls to users except for the tar-
get user [8]–[11]. BD enables us to realize IUI-free DL
situation in a spatially-uncorrelated scenario and to ease re-
ceiver designing. However, since most of the spatial re-
sources at BS are consumed to direct nulls in the BD system,
we cannot expect extra TX diversity gain so that the perfor-
mance of BD may deteriorate considerably in ill-conditioned
or spatially-correlated channels. Other LP schemes such
as imperfect BD [12], generalized BD [13], regularized
BD (RBD) [14], [15], signal-to-leakage-plus-noise power
ratio (SLNR) based precoding [16], [17], etc., have been
proposed to obtain extra degrees of freedom at BS, by facil-
itating the constraint on the number of antennas, and also to
improve receiving gain. In a scenario with many users, how-
ever, LP schemes would need an additional countermeasure
for more severe IUI. Although it is known that optimum LP
is asymptotically provided by joint iterative optimization of
both precoding and postcoding [18], from a practical view-
point the computation of LP should be uniquely solved with
fixed and reasonable numerical complexity.

Alternatively, NLP is a strategy realizing IUI-free DL
transmission by canceling IUI observed at users in advance.
It achieves near-capacity performance and establishes ro-
bust DL transmission irrespective of the given scenario. We
note that spatial stability brought by NLP is important to
relax constraints in scheduling operation. Dirty paper cod-
ing (DPC) is known as an ideal NLP scheme [19], and succes-
sive IUI-PC assisted by user-space hierarchization (LQ fac-
torization) is known as its practical scheme [20]. Since signal
pre-cancellation causes an increase in amplitude of TX signal
chains, we generally need a signal limitation method such as
modulo operation performed in Tomlinson-Harashima pre-
coding (THP) [21]–[23], or vector perturbation (VP) apply-
ing adaptive signal offset [24]–[26]. Although NLP brings
high system throughput in principle, we have to solve the
critical issue of high complexity for IUI-PC, of which order
is O (

N2
usr

)
, where Nusr denotes the number of users.

In [14], the concept of RBD precoding and optimization
of system capacity by combining RBD and THP have been
discussed. While we agree with an approach to manage IUI
through both the LP and NLP strategies, ambiguity in de-
termining RBD precoders and iterative optimization would
lead to difficulty in designing device implementation.

Addressing the issues above, in [27] the authors have
proposed an alternative LP concept named block multi-
diagonalization (BMD) for scenarios with a lot of users.
The BMD precoder for the desired user is computed to in-
corporate a predetermined number of interfering users with
fixed complexity comparable to the conventional BD. Conse-
quently, the BMD concept enables us to ensure extra degrees
of freedom at the TX array even after null steering. Prior to
a study on practical management schemes for residual IUI,
in [27] the authors have clarified the significant potential of

the BMD concept through the discussion and numerical eval-
uation on block bi-diagonalization (BBD) and block lower
tri-diagonalization (BLTD), both of which are in the same
family of the BMD concept as discussed later.

Based on the background, in order to manage the resid-
ual IUI, we here propose a more practical TX precoding
named “nonlinear block multi-diagonalization (NL-BMD)
precoding,” composed of BMD and adjacent IUI-PC. Tech-
nically, by limiting IUI to be pre-canceled to the adjacent
users allowed in BMD, the proposed NL-BMD precoding
offers advantages especially in scenarios with many users
because the total complexity in IUI-PC can be reduced to
the order of O (

Nusr
)
. It is believed that, therefore, the NL-

BMD precoding displays its potential force in a dense urban
environment, where we have a lot of users simultaneously
serviced over spatially-correlated channels. In this paper,
through evaluation over orthogonal frequency division mul-
tiplexing (OFDM), we reveal the capability of NL-BMD
strategy by introducing two reasonable approaches: nonlin-
ear BBD (NL-BBD) and nonlinear BLTD (NL-BLTD).

The rest of the paper is organized as follows. First the
handled MU-MIMO DL system model is defined in Sect. 2,
and Sect. 3 reviews typical LP and NLP schemes being ex-
tensively studied. Section 4 then explains the proposed NL-
BMD precoding, and its performance is numerically demon-
strated in Sect. 5. Finally, Sect. 6 concludes the paper.

2. MU-MIMO DL System Model

We assume a mobile cellular system where all the equipment
is under synchronous control, and the issue we handle is
to spatially multiplex signals to the users determined by a
scheduler in BS. Also BS is assumed to have DL channel
state information of all users, exploiting channel reciprocity
in time division duplex (TDD). Let us consider the MU-
MIMO DL system where BS has Ntx TX baseband ports,
user #i has Nrx,i receive (RX) baseband ports, and the number
of existing users is Nusr. We define the number of system RX
ports, namely total RX baseband ports of all users, as Nrx =∑Nusr

i=1 Nrx,i . Also, we assume that Nst,i (1 ≤ Nst,i ≤ Nrx,i)
substreams are transmitted to user #i. Note that the number
of total substreams transmitted from BS is denoted as Nst =∑Nusr

i=1 Nst,i , and that the number of baseband ports satisfies
the condition of Ntx ≥ Nrx for fair discussion including
conventional LP schemes†.

Although we deal with MU-MIMO over OFDM trans-
mission in the paper, hereafter let us simplify the discussion
by focusing on a subcarrier. Note that the following proce-
dure is common to all the subcarriers. Assuming transmis-
sion at a certain subcarrier, for user #i we here define: an
Nst,i-dimensional TX signal vector si (t), an Ntx × Nst,i TX
precoding (beamforming) matrix Bi , an Nrx,i × Ntx channel
matrix H i , an Nrx,i-dimensional RX signal vector r i (t), and

†In this section we presume the condition for the sake of simple
discussion whereas in computer simulations discussed in Sect. 5 the
number of beam-space RX antennas satisfies the condition instead.
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an Nrx,i-dimensional additive white Gaussian noise (AWGN)
vector ni (t). Then the system can be briefly modeled as fol-
lows:

r̄ (t) =HB s̄(t) + n̄(t), (1)

where,

r̄ (t) =
[
rT1 (t) rT2 (t) · · · rTNusr

(t)
]T
, (2)

H =
[
HT

1 HT
2 · · · HT

Nusr

]T
, (3)

B =
[
B1 B2 · · · BNusr

]
, (4)

s̄(t) =
[
sT1 (t) sT2 (t) · · · sTNusr

(t)
]T
, and (5)

n̄(t) =
[
nT1 (t) nT2 (t) · · · nTNusr

(t)
]T
, (6)

respectively. Note that the matricesH and B denote Nrx ×
Ntx system channel matrix and Ntx × Nst system precoding
matrix, respectively. Hence the product ofH andB, namely
H e = HB, can be regarded as an effective system channel
matrix:

H e =


H1B1 H1B2 · · · H1BNusr

H2B1 H2B2 · · · H2BNusr
...

...
. . .

...
HNusrB1 HNusrB2 · · · HNusrBNusr


. (7)

Among submatrices (block entries) in the matrix H e, the
block diagonal entries H iBi (i = 1, · · · , Nusr) mean the de-
sired effective channel components for users, and the other
entries (block off-diagonal entries) H iB j (i , j) represent
IUI channel components. LP is to spatially reduce IUI chan-
nel components by the precoderB, and NLP is to pre-cancel
IUI signal observed at users in addition to LP.

3. Conventional Precoding Schemes

3.1 Block Diagonalization

This subsection explains the BD scheme, which is the typical
LP, by showing how to compute the user #i’s precoding
matrix Bbd,i . We first consider an (Nrx−Nrx,i)×Ntx channel
matrix H (i)

bd composed of user channel matrices except for
user #i’s one, and its singular value decomposition (SVD)
can be expressed as

H (i)
bd =

[
HT

1 · · · HT
i−1 HT

i+1 · · · HT
Nusr

]T
(8)

= U (i)
bd

[
Σ (i)

bd[s] O
] 

V (i)H
bd[s]

V (i)H
bd[n]

 , (9)

where U (i)
bd is an (Nrx − Nrx,i)-dimensional unitary matrix

composed of left singular vectors, and an (Nrx − Nrx,i) × Ntx
singular value matrix consists of an (Nrx−Nrx,i)-dimensional
diagonal submatrix Σ (i)

bd[s], of which diagonal entries are non-
negative singular values, and a zero matrix O. Also, an

Ntx-dimensional matrix composed of right singular vectors
can be classified into submatrices V (i)

bd[s] and V (i)
bd[n], which

correspond to the signal space Σ (i)
bd[s] and the kernel space O,

respectively. When V (i)
bd[n] is set to a TX precoder Bbd,i , we

can direct perfect nulls to all users except for user #i because
the vector space spanned byV (i)

bd[n] is the mapper to the kernel.
Consequently, the precoder Bbd,i (i = 1, · · · , Nusr) achieves
block diagonalization of the effective system channel matrix
as below:

H e,bd =HBbd (10)

=


H1Bbd,1 O · · · O

O H2Bbd,2 · · · O
...

...
. . .

...
O O · · · HNusrBbd,Nusr


. (11)

Over the block-diagonalized channel H e,bd, we can subse-
quently apply any kind of single-user (SU) MIMO precoding
per user, i.e. intra-user precoding.

Although the BD scheme eliminates IUI, we cannot
avoid spending degrees of freedom at the TX array upon
the perfect nulling. So, it is not necessarily the case that
the obtained TX beams can improve SNR at each user. In
particular, we cannot expect extra TX array gain in a dense
scenario due to the nulling to a lot of users. Besides, when
users are in proximity, conventional LP approaches including
the BD scheme generally result in less beam gain.

3.2 Joint Precoding of Block Triangulation and NL Oper-
ation

In NLP, user hierarchization is mandatory for practical IUI-
PC. When block triangulation (BT) is applied onto the system
channel matrixH , the obtained unitary matrix Bbt enables
us to successively pre-cancel IUI [20] (see Appendix A).
Using the system precoding matrixBbt yielding BT, we can
obtain the effective system channel matrix as

H e,bt =HBbt (12)

=


H1Bbt,1 O · · · O
H2Bbt,1 H2Bbt,2 · · · O
...

...
. . .

...
HNusrBbt,1 HNusrBbt,2 · · · HNusrBbt,Nusr


.

(13)

Now we briefly explain that Bbt provides ideal MU-MIMO
capacity. According to [28], the theoretical sum-rate capac-
ity of MU-MIMO system can be given by

Csum-rate = log2 det
(
INrx +

γ

Ntx
H eH H

e

)
(14)

= log2 det
(
INrx +

γ

Ntx
HBBHH H

)
, (15)

where γ and INrx mean average received SNR in the case of
no precoding and Nrx-dimensional unit matrix, respectively.
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Since Bbt obtained by any approaches of block LQ factor-
ization, e.g. the scheme shown in Appendix A, is a unitary
matrix, it satisfies BbtBH

bt = INtx . That is, it can maintain
the property of the given channel nature, and it accomplishes
lossless linear mapping from TX-port space to user space.
We can therefore achieve ideal sum-rate capacity even if
applying BT precoding [27].

Joint precoding of BT and IUI-PC (hereafter referred
to as NL-BT) can release MU-MIMO’s potential. However,
since IUI-PC causes a significant increase in TX signal am-
plitude, introduction of THP†, where modulo operation lim-
its the amplitude to a required threshold, would be a practical
manner. Although use of a modulo operator at TX obliges
all users to have the same modulo operator, its impact on
hardware implementation can be kept low. When applying
BT, the TX signal vector for user #i preprocessed by THP
can be written as

NL-BT :

s′i (t) = moduloτ
[
si (t) −

(
H iBbt,i

)+ i−1∑
j=1

H iBbt, j s
′
j (t)

]
, (16)

where (·)+ denotes Moore-Penrose (MP) pseudo inverse,
and moduloτ (·) means substream-wise modulo operation
with modulo boundary τ defined as follows:

moduloτ (x) =
(
xi −

⌊
xi
2τ
+

1
2

⌋
· 2τ

)
+ j

(
xq −

⌊
xq
2τ
+

1
2

⌋
· 2τ

)
, (17)

here x = xi + j xq is a complex value. Unfortunately, for
the desired user #i, IUI-PC utilized together with BT needs
removal of IUI signals from all the upper-layer users #1, · · · ,
#(i−1), resulting in higher computational load in proportion
to the number of users Nusr.

Note that hereinafter we proceed to a discussion assum-
ing that IUI-PC includes modulo operation.

4. Nonlinear Block Multi-Diagonalization

Figure 2 illustrates TX and RX block diagrams in the pro-
posed NL-BMD over OFDM. At the transmitter, a per-
substream data sequence is encoded and interleaved be-
fore quadrature amplitude modulation (QAM) mapping.
Through serial-to-parallel conversion (S/P), at each subcar-
rier NL operation (IUI-PC) and BMD precoding are ap-
plied to all users’ QAM-modulated substreams, yielding
MU-MIMO multiplexing. After inverse fast Fourier trans-
form (IFFT), parallel-to-serial conversion (P/S), and addi-
tion of cyclic prefix (CP), OFDM signal chains are fed to
TX ports. At each user (receiver), removal of CP, S/P, and
†Although in the past literature NL-BT using modulo operation

is generally called as THP, we here distinguish NL-BT from THP
because original THP [21], [22] consists of pre-cancellation (or
pre-equalization) and modulo operation only.

Fig. 2 Block diagrams of NL-BMD over OFDM (equivalent baseband
system).

fast Fourier transform (FFT) are applied to received signal
chains. In the frequency domain, the receiver performs de-
multiplexing and detection of the desired substreams, and
then computes modulo operation and demapping at each
subcarrier. Through P/S, each of estimated sequences is fed
to subsequent decoding process.

The proposed NL-BMD is composed of two essential
techniques: i) BMD which can provide extra TX diversity
by allowing adjacent IUI, and ii) adjacent IUI-PC which
cancels adjacent users’ IUI only with effectively-reduced
computational load compared with that in NL-BT. In the
following each technique is described.

4.1 Block Multi-Diagonalization (BMD)

While the conventional BD scheme enables per-user
spatially-closed signal transmission, it is difficult to ensure
extra degrees of freedom at the TX array due to perfect
nulling. Also, the BT scheme, with which the whole system
space can be losslessly hierarchized per user, is effective for
NLP whereas the cascaded IUI-PC process suffers from com-
putational load in proportion to the number of users. Con-
sidering massive MIMO with subarray-type analog-digital
hybrid beamforming configuration, beams directed to users
from BS may be overlapped especially in a dense scenario.
In this case we have severe IUI, and conventional LP schemes
may sacrifice beam gains to mitigate the IUI.

Extending the BD approach, the BMD concept pro-
posed in [27] is to partially allow IUI in the LP computation
process for each desired user. Hereafter we refer to the users
prescribed to have the allowed IUI as “IUI users.” Partial IUI
allowance brings residual degrees of freedom at the TX array
even after nulling. Also, for NLP, the concept enables us to
reduce the number of IUI signals to be pre-canceled to the
order of O (

Nusr
)
. Although there are no restrictions on the

number of IUI users in principle, in [27] we discussed two
valid approaches: BBD, allowing one IUI user, and BLTD,
allowing up to two IUI users, from an implementational
viewpoint. Actually premising the aforementioned massive
MIMO, dominant IUI would arise in a limited area close to
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Table 1 Effective system channel matrix, H e (Nusr = 5).
(a) BD (conventional)

#1 #2 #3 #4 #5

#1 H1B1 O O O O

#2 O H2B2 O O O

#3 O O H3B3 O O

#4 O O O H4B4 O

#5 O O O O H5B5

(b) BT (conventional)
#1 #2 #3 #4 #5

#1 H1B1 O O O O

#2 H2B1 H2B2 O O O

#3 H3B1 H3B2 H3B3 O O

#4 H4B1 H4B2 H4B3 H4B4 O

#5 H5B1 H5B2 H5B3 H5B4 H5B5

(c) BBD
#1 #2 #3 #4 #5

#1 H1B1 O O O O

#2 H2B1 H2B2 O O O

#3 O H3B2 H3B3 O O

#4 O O H4B3 H4B4 O

#5 O O O H5B4 H5B5

(d) BLTD
#1 #2 #3 #4 #5

#1 H1B1 O O O O

#2 H2B1 H2B2 O O O

#3 H3B1 H3B2 H3B3 O O

#4 O H4B2 H4B3 H4B4 O

#5 O O H5B3 H5B4 H5B5

i-th block row: effective channel observed at user #i (off-diagonal entries: IUI components)
j -th block col.: effective channel due to beam to user # j (no. of significant entries: user diversity order)

the desired user due to overlapped beams. So in practice we
should take a few IUI users only into consideration.

In the following we present procedure of BBD compu-
tation as an example of the BMD family.

4.1.1 Block Bi-Diagonalization (BBD)

In the BBD computation, user #(i + 1) is set to the IUI
user corresponding to the desired user #i. Next, we define
H (i)

bbd by eliminating the channel components of users #i and
#(i+1) from the system channel matrixH , and its SVD can
be expressed as

H (i)
bbd =

[
HT

1 · · · HT
i−1 HT

i+2 · · · HT
Nusr

]T
(18)

= U (i)
bbd

[
Σ (i)

bbd[s] O
] 

V (i)H
bbd[s]

V (i)H
bbd[n]

 . (19)

Here the submatrix Σ (i)
bbd[s] in Eq. (19) indicates the user

space except for users #i and #(i + 1), and the zero matrix
indicates the kernel space. Therefore, when we use V (i)

bbd[n],
corresponding to the kernel, as a virtual TX weight, we
obtain the presumed effective channel matrix as

HV (i)
bbd[n] =



...
O

H iV
(i)
bbd[n]

H i+1V
(i)
bbd[n]

O
...


. (20)

That is, V (i)
bbd[n] achieves perfect null steering to all the users

except for users #i and #(i+1). The above procedure is basic
computation of BBD as inter-user precoding.

Moreover, based on the channel component of the de-
sired user #i, H iV

(i)
bbd[n], noted in Eq. (20), we try to direct

suitable beam to user #i, namely intra-user precoding. We
here presume an eigenvector matrixV (i)

bbd[e] corresponding to
the larger singular values of H iV

(i)
bbd[n]. Multiplying V (i)

bbd[n]
by V (i)

bbd[e] from right side gives desirable beamforming to
improve SNR for user #i, i.e. eigenmode transmission, over
determinate signal space of only users #i and #(i + 1), ex-
ploiting the residual degrees of freedom at the TX array.

Hence the precoding matrix for user #i in the BBD
scheme is computed by Bbbd,i = V (i)

bbd[n]V
(i)
bbd[e], and the sys-

tem precoding matrix Bbbd can be obtained by applying the
above procedure to all the desired users. We here note that
the last user #Nusr should be handled in a different manner
for NLP. User #Nusr must not have its IUI user when we
apply IUI-PC requiring user hierarchization. Therefore, the
precoder for user #Nusr is computed via the same processing
of the BD scheme. Consequently, we obtain a purely block
bi-diagonalized matrix H e,bbd = HBbbd, as illustrated in
Table 1(c).

Although BLTD is an approach similar to BBD, the
difference is to consider up to two IUI users per desired
user. That is, by eliminating the channel components of
three users #i, #(i + 1) and #(i + 2) from the system channel
matrix H in the first step corresponding to Eq. (18), we
can calculate the BLTD precoding matrix Bbltd in the same
manner. Its effective system channel matrix becomes block
lower tri-diagonal as shown in Table 1(d), and it enables
us to obtain further extra diversity gain for the desired user
by allowing IUI up to two users. See [27] for the detailed
discussion.

4.2 Adjacent IUI-PC

Although BMD brings higher beam gain due to extra di-
versity effect, we additionally need countermeasure for the
allowed IUI.

In the proposed scheme, we adopt IUI-PC at BS, as well
as NL-BT. TX signal vectors after applying IUI-PC prior to
BBD and BLTD can be expressed as

NL-BBD :

s′i (t) = moduloτ
[
si (t) −

(
H iBbbd,i

)+ H iBbbd,i−1 s
′
i−1(t)

]
,

(21)
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Fig. 3 TX processing circuit diagram in NL-BBD.

Table 2 Complexity at IUI-PC (no. of block off-diagonal entries).

BD NL-BT NL-BBD(proposed) NL-BLTD(proposed)

complexity 0
Nusr (Nusr − 1)

2
Nusr − 1 2Nusr − 3

NL-BLTD :

s′i (t) = moduloτ
[
si (t) −

(
H iBbltd,i

)+ i−1∑
j=max(i−2,1)

H iBbltd, j s
′
j (t)

]
,

(22)

respectively. Note that s′1(t) = s1(t) in the above equations.
Figure 3 illustrates a TX processing circuit diagram in NL-
BBD. As noticed by Fig. 3, Eqs. (21) and (22), in IUI-PC
with BMD the required cancellation is only for adjacent
users’ substreams corresponding to the allowed IUI in BMD,
unlike that with BT shown in Eq. (16). In other words, we
can simplify IUI-PC by limiting the target to adjacent IUI
only, thanks to BMD property. Therefore, in this paper we
refer to the IUI-PC in NL-BMD as adjacent IUI-PC.

We list the number of IUI-PC operation times per sym-
bol required in each scheme in Table 2, where the number
is equivalent to the number of block off-diagonal entries
H iB j , O(i > j) in the effective system channel matrix, as
seen in Table 1. The complexity order in the proposed NL-
BBD and NL-BLTD isO (

Nusr
)

whereas NL-BT requires the
complexity in proportion to the square of the number of users,
namely O (

N2
usr

)
. We can say that the proposed NL-BMD

has more implementability compared with the conventional
NL-BT.

5. Computer Simulations

5.1 Scenario Setup

In this section we evaluate the performance of the proposed
NL-BMD by link-level simulations.

Figure 4 illustrates scenario setup in this paper. We
assumed MU-MIMO DL transmission at radio frequency of
28 GHz, of which wavelength is λ = 10.7 mm. Here we
define ϕ and θ as azimuth and zenith angles, respectively.
BS (TX) was installed at 21 m height, and users with 1 m
height were located within a horizontal distance of 20 m–
75 m and an azimuth angle range of −60◦ ≤ ϕ ≤ +60◦ from
BS. The numbers of TX&RX baseband ports and users were

Fig. 4 Scenario setup.

Fig. 5 Configuration of each V/H subarray pair.

set to Ntx = 16, Nrx = 32, and Nusr = 8, respectively, where
the number of RX ports per user was fixed to Nrx,i = 4 irre-
spective of users. Targeting the analog-digital hybrid config-
uration with multiple subarrays as massive MIMO [7], [29],
an antenna corresponding to a TX port at BS was assumed
to be a planar active phased array antenna (APAA), so the
TX array was composed of 16 APAA subarrays arranged in a
plane, where we exactly had 2×4 = 8 pairs of ideally-isolated
cross-polarized (45◦-slanted V/H) subarrays as shown in
Figs. 4 and 5. Each subarray had λ/2-spaced 8 × 8 = 64
single-polarized antenna elements, of which radiation pat-
tern was based on the prescription in Table 7.3-1 in [30],
namely maximum directional gain of 8 dBi and angular full
width at half maximum (FWHM) of 65◦ for both azimuth and
elevation planes. Therefore a subarray pair had 64×2 = 128
antenna elements, and the TX array had 64 × 16 = 1,024
antenna elements in total. A signal from a TX port was
fed to a subarray and divided into 64 antenna elements via
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Fig. 6 Subarray beam pattern examples.

phase shifters, controlled so as to direct an analog beam to
the target direction. Note that the power of an amplifier at
each antenna element was common to the whole antenna el-
ements and among subarrays. TX subarray spacing between
adjacent pairs was set to 8λ, and each pair of V/H subarrays
was associated with a target user to ideally direct V/H analog
beams to the corresponding direction. We did not give tilt
angle to the TX array in installation, i.e. its frontface direc-
tion was fixed to ϕ = 0◦ & θ = 90◦. We here show two
examples of subarray beam pattern in Fig. 6, where target
azimuth and zenith angles to be analog-beamformed were
set to (a) ϕtarget = 0◦ & θtarget = 90◦ and (b) ϕtarget = −35◦ &
θtarget = 115◦.

Also, we assumed that each user had two ideally-
isolated cross-polarized antenna pairs with inter-pair spacing
of 5λ, where each element pattern was assumed to be ideally
isotropic with gain of 0 dBi, for the sake of simplicity. Ar-
ray orientation of each user was randomly set in horizontal
plane, and we assumed no traveling for all users to model
quasi-static block fading.

Figure 7 shows user scenarios evaluated in this paper.
Scenario A is a configuration where users were randomly
distributed within the area, equivalently assuming a non-
correlated case. Since each of beams from BS can be di-
rected to different directions, this scenario is favorable for

Fig. 7 User scenarios (top view).

the system to spatially multiplex users. Scenario B, on the
other hand, is a configuration where all users were located
within a circular spot of which radius was 10 m, assuming
a densely-populated urban environment. Although for sta-
ble system operation a scheduler would generally tend to
group relatively-distant users for simultaneous access, this
scenario is to evaluate an extreme case that it cannot avoid
unfavorable scheduling. Note that the circular spot for ge-
ometrically constraining all users was randomly dropped so
as not to exceed the area.

The employed channel model for link-level simulations
was clustered delay line model type-E (CDL-E) specified
in [30], which models line-of-sight (LOS) channels in ur-
ban micro cells for above 6 GHz frequencies. We note that
the LOS angular values defined in the first cluster (see Ta-
ble 7.7.1-5 in [30]) were replaced by instantaneous LOS
angular values between BS subarrays and user antennas de-
pending on the given geometric condition, in order to sim-
ulate the aforementioned MU-MIMO DL scenarios. Root
mean square (RMS) delay spread was set at 32 ns as a 28 GHz
short-delay urban micro cell prescribed in Table 7.7.3-2
in [30].

5.2 Simulation Conditions

Table 3 lists simulation parameters. We conducted OFDM
simulations to evaluate wide-band MU-MIMO DL transmis-
sion, where the number of subcarriers and subcarrier spacing
were set at Nsc = 1,200 and 60 kHz, respectively. In order
to solve computation of linear precoders at BS in the sys-
tem antenna configuration of Ntx = 16 and Nrx = 32, we
first degenerated the per-user RX antenna domain from four
physical antenna ports to two beam-space antennas, by using
two major eigenvectors maximizing effective channel gain as
postcoders at all the subcarriers [31]. Then BS computed
an LP matrix B from a 16 × 16 beam-space system channel
matrix at each subcarrier, under the ideal condition of per-
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Table 3 MU-MIMO OFDM simulation parameters.

radio frequency 28 GHz
no. of users Nusr = 8

no. of TX ports Ntx = 16 (V:8, H:8)
no. of RX ports Nrx = 32 (Nrx, i = 4 (V:2, H:2))
TX antenna type APAA (8 × 8 = 64 elements with λ/2 spacing)
RX antenna type isotropical
no. of substreams Nst = 16 (Nst, i = 2), 15 (Nst,8 = 1 for user #8)
no. of subcarriers Nsc = 1,200
subcarrier spacing 60 kHz
channel bandwidth BWch = 72 MHz
FFT/IFFT points 2,048

cyclic prefix 144
OFDM symbol length Ts = 17.84µs
modulation schemes QPSK, 16QAM, 64QAM, 256QAM

channel coding
turbo code (K = 4, R = 1/3 – 5/6)

coding per substream
max-log MAP decoding with 8 iterations

no. of MCSs 19 (see Table 4)
max. sum-rate 6.229 × 16 = 99.66 bps/Hz

precoding inter-user: BD, NL-BT, NL-BBD, NL-BLTD
intra-user: eigenmode (SVD)

MIMO detection MMSE [32]
modulo boundary τ = 1.225 (

√
3/2),∞ (w/o modulo operation)

channel estimation ideal/ synchronization
channel model CDL-E [30] (quasi-static)

fect knowledge on channel state information at TX (CSIT)
exploiting time reciprocity. Basically Nst,i = 2 substreams
per user were transmitted from BS. Therefore 16-substream
transmission over 8-user multiplexing was performed. For
comparison, we also simulated 15-substream transmission
where only the last user #8 was limited to use single sub-
stream. Turbo coding was applied to each substream in-
dependently, where each codeword was closed within each
OFDM symbol. As listed in Table 4, we prepared 19 pat-
terns of modulation and coding schemes (MCSs) in total
from combinations of modulation schemes and coding rates
in order to evaluate achievable spectral efficiency for every
substream. Here, per-substream spectral efficiency for MCS
index #i is derived from

ηi =

(
log2 Mi

) × Ri × Nsc

Ts × BWch
[bps/Hz], (23)

where Mi is modulation order of index #i (Mi = 4, 16, 64, 256
for QPSK, 16QAM, 64QAM, and 256QAM, respectively),
Ri is coding rate of index #i, Ts is OFDM symbol time
length, and BWch is channel bandwidth, as specified in Ta-
ble 3. The maximum sum-rate spectral efficiency in 16-
substream transmission is, therefore, 16η19 = 99.66 bps/Hz.
When we tried MCS index #i upon a substream and found
no bit errors after turbo decoding, we could count ηi as
an instantaneous spectral efficiency of the substream. Note
that, for the sake of simplicity, equal power allocation over
users and substreams was adopted, and adaptive user order-
ing discussed in [27] was not applied. Modulo boundary
was set to τ =

√
3/2 = 1.225, so that modulo operation

did not cause an increase in TX signal amplitude (see Ap-
pendix B). In this case, TX power in NLP is almost the

Table 4 Per-substream MCS table.
index modulation coding rate R spectral efficiency η [bps/Hz]

#1 QPSK 1/3 0.623
#2 QPSK 1/2 0.934
#3 QPSK 2/3 1.246
#4 QPSK 3/4 1.401
#5 QPSK 4/5 1.495
#6 QPSK 5/6 1.557
#7 16QAM 1/2 1.869
#8 16QAM 2/3 2.491
#9 16QAM 3/4 2.803
#10 16QAM 4/5 2.990
#11 16QAM 5/6 3.114
#12 64QAM 2/3 3.737
#13 64QAM 3/4 4.204
#14 64QAM 4/5 4.485
#15 64QAM 5/6 4.672
#16 256QAM 2/3 4.983
#17 256QAM 3/4 5.606
#18 256QAM 4/5 5.980
#19 256QAM 5/6 6.229

Fig. 8 CCDF of instantaneous TX array output power (Scenario A).

same as that in BD, of which precoders are normalized
vectors. At users, MIMO demultiplexing was performed
by minimum mean square error (MMSE) spatial filtering
based on precoded channel estimates for the desired user,
where we employed amplitude correction of spatial filter
outputs so that the subsequent modulo operation works well
(see Appendix C in [32]). When using modulo operation,
in demapping at each user bit log-likelihood ratios (LLRs)
were computed by expanding the replica signal constellation
on the basis of modulo boundary [23]. Also, we obtained
performance without modulo operation, namely τ = ∞, for
comparison.

5.3 Array Output Power Performance

Figure 8 shows CCDF of TX array output power ∥B s̄′(t)∥2.
Instantaneous TX array output power in abscissa is nor-
malized by average power in BD, E

[ ∥Bbd s̄(t)∥2 ]
. In 16-
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Fig. 9 Sum-rate spectral efficiency performance in Scenario A.

substream transmission without modulo operation (τ = ∞),
channel variation may lead to extremely-high TX array out-
put powers: more than 15 dB at CCDF of 10−2, and more
than 25 dB at CCDF of 10−3. As formulated in Eqs. (16),
(21) and (22), the IUI-PC term includes the inverse of the
effective channel for the desired user. In particular, the sec-
ond substream, corresponding to the lower eigenmode, of the
last user #8 does not have diversity gain in any of BT, BBD,
and BLTD precoding. Therefore, an increase in TX power
due to IUI-PC without modulo operation is dependent on the
diversity order and is dominated by the behavior of the last
substream. On the other hand, in 15-substream transmission
the TX power can be suppressed thanks to disuse of the no-
diversity substream. For instance, NL-BBD in 15-substream
transmission restrains the increase in TX power to 10 dB at
CCDF of 10−2. In this way, rank adaptation (resource al-
location) based on diversity order should be effective for
TX power suppression in NLP. However, the increase in TX
power still remains an unacceptable issue in NLP without
modulo operation. In contrast, it is noticeable that apply-
ing modulo operation with τ = 1.225 significantly reduces

Fig. 10 Sum-rate spectral efficiency performance in Scenario B.

TX power to the level equivalent to BD even in full-stream
transmission. Meanwhile, modulo operation may lead to
detection errors in demapping. We verify the influence on
throughput in the next subsection.

5.4 Spectral Efficiency Performance

Figures 9 and 10 demonstrate sum-rate spectral efficiency
performance in Scenarios A and B, respectively. Each figure
shows (a) average sum-rate spectral efficiency vs. average
TX SNR, and (b) CDF of instantaneous sum-rate spectral
efficiency at average TX SNR of 20 dB, where “LP only”
means the performance without NL operation. Also, all
the graphs evaluated here are in 16-substream transmission.
Here, average TX SNR is defined on the basis of power sum
of all users’ QAM-mapped signals, E

[∥ s̄(t)∥2] . It is also
equivalent to the SNR observed in open-loop (non-precoded)
transmission. We notice that the proposed NL-BBD and NL-
BLTD yield higher spectral efficiencies even when applying
modulo operation. However, their improvement gain in Sce-
nario A is marginal. In comparison with BD at average
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Fig. 11 Average element-wise channel gain with and without precoding in Scenario A.

Fig. 12 Average element-wise channel gain with and without precoding in Scenario B.

TX SNR of 20 dB, in Scenario A, NL-BBD and NL-BLTD
with modulo boundary of τ = 1.225 give 77.4 bps/Hz and
79.5 bps/Hz (1.2% and 4.0% improvements over BD), re-
spectively, whereas BD achieves 76.4 bps/Hz. This implies
that, when users are randomly distributed and illuminated
by custom-tailored beams from massive-element antennas,
in general the given system channel tends to naturally be-
come semi-diagonal across users so that the conventional
BD is sufficient to mitigate IUI. On the other hand, improve-
ment by the proposal is visibly significant in Scenario B,
where users are densely located: NL-BBD and NL-BLTD
with τ = 1.225 give 45.2 bps/Hz and 52.3 bps/Hz (44.7%
and 67.5% improvements over BD), respectively, whereas
BD shows 31.2 bps/Hz. This is because BMD ensures beam
gain by partially allowing IUI even if users are in proxim-
ity, and then adjacent IUI-PC compensates the residual IUI,
resulting in the equivalent of flexible beamforming.

To investigate the phenomena aforementioned in de-
tail, we check analog-beamformed channel gain with and
without LP. Figures 11 and 12 visually show element-wise
channel gain in channel matrices averaged over subcarri-
ers and trials. In each figure, (a) shows average element-
wise gain of the 16 × 16 analog-beamformed system chan-
nel matrix H , and (b), (c), (d), and (e) show that of the
16 × 16 effective system channel matrix H e when apply-
ing BD, BT, BBD, and BLTD, respectively, as LP. All the
values of channel gain are normalized by the average gain
of analog-beamformed channels associated with the desired
users. We note that, when applying LP schemes, per-user
subchannels in block-diagonal entries are diagonalized due
to SVD used as intra-user precoding. In Scenario A, thanks
to analog beams directed to distant users, the channel H
can be already roughly block-diagonalized even without pre-
coding, where undesired power (IUI power) is reduced to

less than −10 dB compared to desired power (channel gain
of block-diagonal entries). So, with the conventional BD we
can obtain relatively good effective channels without losing
gain for the desired users, whereas BBD and BLTD methods
provide marginal gain. On the other hand, in Scenario B, we
have high gain at block off-diagonal entries, i.e. IUI compo-
nents, in the channelH due to overlapping of analog beams
directed to similar directions. As shown in Fig. 12(b), thus,
BD sacrifices channel gain for the desired users in order to re-
duce the IUI components. Meanwhile, we see that the other
schemes including BBD and BLTD yield better channel gain
for the desired users by the benefit of the extra degrees of
freedom after partial nulling. Since IUI caused by the resid-
ual block off-diagonal entries can be canceled by IUI-PC,
the proposed NL-BBD and NL-BLTD consequently provide
better performance than the conventional BD, especially in
Scenario B.

We see that NL-BT provides excellent performance. As
discussed in Sect. 3.2, BT achieves ideal capacity of MU-
MIMO, and in the study here we assume quasi-static fading
and ideal IUI-PC. Therefore, NL-BT performance in Figs. 9
and 10 can be regarded as nearly optimal upper bound of
sum-rate spectral efficiency under our simulation conditions.
In the meantime, when considering numerical complexity in
IUI-PC, while NL-BT requires removal of 56 substreams
per symbol per subcarrier, NL-BBD takes removal of just 14
substreams (1/4 complexity of NL-BT). The fact indicates
that our proposal has higher implementability. It also implies
that, thanks to the fact that less IUI needs to be managed,
the proposed NL-BMD may be more robust toward degrad-
ing factors such as calculation/estimation errors and channel
variation. This behavior will be studied in future work.

In the following, we deal with NL-BBD with τ = 1.225
as our proposal for the sake of simple discussion. Setting the
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Fig. 13 Average sum-rate spectral efficiency performance in Scenario A,
to verify an impact of modulo operation.

target sum-rate spectral efficiency to 60 bps/Hz, when com-
paring average spectral efficiency performance with BD, NL-
BBD gives about 5.7 dB gain in Scenario B while keeping
the same SNR as BD in Scenario A. Also, CDF performance
shows that NL-BBD provides remarkable gain at lower prob-
abilities, thanks to successful diversity effect, compared with
BD. Especially in Scenario B, at 10th percentile, NL-BBD
gives 32.0 bps/Hz (190.2% improvement over BD) whereas
BD shows 16.8 bps/Hz. In addition to improvement in user
experience, such stability in the performance is expected
to relax complexity in scheduling computation in an actual
operational system.

Finally, we evaluate an influence of modulo operation
on the performance. Figure 13 shows results of average sum-
rate spectral efficiencies with and without modulo operation.
Note that, due to the definition of average TX SNR in the
abscissa, an increase in TX signal power due to IUI-PC with-
out modulo operation, discussed in the previous subsection,
is not considered in the graph. In the region of average TX
SNR of over 20 dB, performance degradation due to mod-
ulo operation is less than 1 dB. Considering the result in
Fig. 8 additionally, we can say that modulo operation is an
excellent approach to reduce TX power dramatically while
maintaining the transmission performance.

6. Conclusions

In this paper, we proposed NL-BMD, a novel TX precod-
ing scheme for MU-MIMO DL consists of BMD and adja-
cent IUI-PC. Through numerical evaluation over OFDM, it
has been clarified that, NL-BMD yields up to 67% perfor-
mance improvement in sum-rate spectral efficiency on aver-
age, compared with the conventional BD. Moreover, we have
verified that, at lower probabilities in CDF of sum-rate spec-
tral efficiency, NL-BMD provides excellent performance,
nearly twice better than BD, thanks to extra diversity gain.

Next step of our study is a more practical evaluation that
considers time reciprocity, dynamic fading, and 5G wave-
form candidates. Also, we will study to refine our precoding
schemes so as to be appropriate for various user scenarios

and conditions. In addition, an optimum solution of user
ordering in NL-BMD briefly discussed in [27] should be
investigated as our future work.
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Appendix A: BT Algorithm Example

Table A· 1 summarizes a block triangulation algorithm as an
example. Here we employ an approach of successive map-
ping to kernel space of prior users. User #(i + 1) and its
posteriori users can form the signal space which never in-
terferes their priori users since the kernel space of user #i is

Table A· 1 Block triangulation algorithm example.

set Bbt ← INtx

set V (0)
bt[n] ← INtx

for i = 1, . . . , Nusr

set H (i)
bt ← H iV

(0)
bt[n] · · ·V

(i−1)
bt[n] = H i

∏i−1
j=0 V

( j )
bt[n]

SVD: H (i)
bt =U

(i)
bt Σ (i)

bt V
(i)H
bt =U (i)

bt

[
L (i) O

] 
V (i)H

bt[s]
V (i)H

bt[n]


set V (i)

Ntx×Ntx
←


I∑i−1

j=1 Nrx, j
O

O V (i)
bt[s] V (i)

bt[n]


set Bbt ← BbtV

(i) =
∏i

j=1 V
( j )

next i

spanned over the kernel space of all the priori users. Conse-
quently we can obtain Bbt providing a triangulated effective
system channel matrix, as formulated in Eq. (13).

Appendix B: On Signal Power After Modulo Operation

Assuming that pre-canceled signal after modulo operation,
moduloτ {s′(t)}, is uniformly distributed within [−τ,+τ]
over I/Q plane, its expected signal power can be approxi-
mately estimated as follows:

Pτ = E
[��moduloτ

{
s′(t)

}��2]
≃

∫ τ

−τ

∫ τ

−τ
p (x, y) ��s′(t)��2 ∂x∂ y

= 4
∫ τ

0

∫ τ

0

1
4τ2

(
x2 + y2

)
∂x∂ y

=
2
3
τ2. (A· 1)

That is, we have Pτ = 1 when setting modulo boundary to
τ =
√

3/2.
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