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PAPER
On the Bit Error Probability of OFDM and FBMC-OQAM Systems
in Rayleigh and Rician Multipath Fading Channels

Liming LI†a), Student Member, Yang WANG†b), and Liqin DING†c), Nonmembers

SUMMARY Filter bank multicarrier with offset quadrature amplitude
modulation (FBMC-OQAM) is considered an alternative to conventional
orthogonal frequency division multiplexing (OFDM) to meet the various
requirements proposed by future communication networks. Among the dif-
ferent perspectives on the merits of FBMC-OQAM and OFDM, a straight-
forward metric is the bit error probability (BEP). This paper presents a gen-
eral analytical framework for BEP evaluation that is applicable to FBMC-
OQAM and OFDM systems in both Rayleigh and Rician multipath fading
channels. Explicit BEP expressions are derived for Gray-coded pulse am-
plitude modulation (PAM) and square quadrature amplitude modulation
(QAM) signals with arbitrary constellation sizes. The theoretical analysis
results show excellent agreement with the numerical simulation results in
different channel scenarios.
key words: bit error probability, FBMC-OQAM, OFDM, multipath chan-
nel, Gray coding

1. Introduction

As a multicarrier technique, orthogonal frequency divi-
sion multiplexing (OFDM) has been extensively used in
many communication systems, such as Long Term Evolu-
tion (LTE), Wireless Local Area Networks (WLANs) and
Digital Video Broadcasting-Terrestrial (DVB-T). Using the
cyclic prefix (CP) as a guard interval against intersymbol
interference (ISI), CP-OFDM offers good immunity to the
frequency selectivity of channels. However, this comes at
a price: an increased sensitivity to synchronization offsets
and the Doppler spread, and also a poor spectrum localiza-
tion property. This prevents OFDM from being an efficient
waveform technology in some new emerging communication
scenarios.

In recent years, the filter bankmulticarrier (FBMC)was
proposed as an important candidate waveform technique to
efficiently support the asynchronous and heterogeneous net-
work scenarios expected in the future [1], such as massive
machine-type communications (mMTC) [2], coordinated
multipoint (CoMP) [3], cognitive radio (CR) [4], and device-
to-device (D2D) communications [5]. As FBMC uses fil-
ters with good time-frequency localization (TFL) property
[6], it is robust against synchronization errors [7] and offers
much better spectrum performance than OFDM [8]. One
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notable FBMC variant is the FBMC with offset quadrature
amplitude modulation (FBMC-OQAM). Different from the
conventional OFDM that transmits complex-valued quadra-
ture amplitude modulation (QAM) symbols at a given sym-
bol rate, FBMC-OQAM transmits real-valued pulse ampli-
tude modulated (PAM) symbols at twice this symbol rate,
with the orthogonality of the waveform restricted only to the
real field [1]. By virtue of this modulation type, FBMC-
OQAM achieves the highest spectral efficiency as a non-CP-
OFDM system while maintaining good TFL property, and
provides superior performance to OFDM in some frequency-
dispersive channels [9] and asynchronous scenarios [10].

The bit error probability (BEP) performances of
FBMC-OQAM and OFDM systems have been compared by
means of numerical simulations in a great number of studies
[11]–[13]. Several other papers proposed theoretical analy-
sis methods under different conditions. A theoretical BEP
performance evaluation of the downlink of asynchronous
OFDM and FBMC-OQAM cellular radio communication
systems was provided by [14]. Additionally, a theoretical
BEP study of OFDM and FBMC-OQAM systems consider-
ing the nonlinear distortion of the amplifier was introduced
by [15] and [16]. Moreover, the closed-form expressions
of the BEP for OFDM and FBMC-OQAM systems with
pilot-aided channel estimation were derived by [17]. All of
theseworks focused onRayleigh flat-fading or time-invariant
frequency-selective channels. [9] extended the work of [17]
to the doubly-selective channels, but still, the analysis applies
only to theRayleigh channels. In [18], theBEPperformances
of FBMC system over Rayleigh and Nakagami-m channels
were investigated in the form of asymptotic analytical ex-
pressions, based on the analysis of the signal interference
noise ratio (SINR).

The Rician channel is another important and more
general channel model by the truth that there is likely to
be a direct path component, i.e., the line of sight (LOS)
path, in many practical environments. This phenomenon is
strengthened with the trend toward higher frequency band
usage [19] and in some specific communication scenarios
expected in the future, such as D2D communications, where
the beam width of the antenna and the distance between the
transceivers may both be much limited [20], [21]. There-
fore, in this study we aim to develop a general analytical
framework for BEP evaluation that covers both Rayleigh
and Rician fading, flat and doubly-selective channels, and
FBMC-OQAM and OFDM systems. It should be noted that
in this study we only consider single-tap equalization, which
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is most widely used as a trade-off between the complexity
and performance [8], [9]. The channel is assumed to be
estimated perfectly.

The remainder of this paper is organized as follows.
Section 2 describes a unified baseband model of OFDM and
FBMC-OQAM systems. A general analytical framework for
the BEP calculation of PAM and QAM signals in Rayleigh
and Rician multipath channels are presented in Sect. 3. The
validation simulation results and discussion are presented in
Sect. 4. Finally, the conclusions and future works are drawn
in Sect. 5.

2. System Model

2.1 Unified Discrete-Time Baseband Model

The transmitted baseband signal s(k), consisting of M sub-
carriers during N symbol periods, for both OFDM and
FBMC systems can be expressed as [1]

s(k) =
N∑
n=1

M∑
m=1

xm,npm,n(k) (1)

where indices (m, n) refers to the m-th subcarrier and the
n-th symbol, xm,n is the data symbol to be transmitted, and
pm,n(k) is the corresponding synthesis filter signal modu-
lated on xm,n.

Note that xm,n is generally a complex QAM symbol in
OFDM but a real PAM symbol in FBMC-OQAM systems.
For non-CP-OFDM, the synthesis filter signal pm,n(k) is
given by

pm,n(k) = p(k/ fs − nT )e j2πmF (k−nT fs )/ fs (2)

where p(k), called the prototype filter, is a rectangular win-
dow function signal, T and F, which satisfy TF = 1, are
the symbol period and subcarrier bandwidth respectively, fs
denotes the sampling rate, and j is the imaginary unit in
this paper. For FBMC-OQAM the synthesis filter signal is
slightly different from that of OFDM, as follows:

pm,n(k) = e jθm,n p(k/ fs − nT )e j2πmF (k−nT fs )/ fs (3)

where prototype filter p(k) is usually a real symmetric filter
with goodTFLproperty, e.g., PHYDYAS [22], [23], Hermite
[24], and IOTA [25] filters, θm,n = π

2 (m + n) is the phase
shift required to fulfill the real orthogonality condition for
OQAMmodulation. The symbol period of FBMC-OQAMis
half that of OFDM to achieve the same bandwidth efficiency,
i.e., TF = 1

2 .
Considering a time-variant multipath fading channel

model in terms of channel filter taps, the received signal at
the receiver can be represented as

r (k) =
L∑
l=0

hl (k)s(k − τl) + ω(k) (4)

where hl (k) denotes the l-th channel tap with delay τl of

total L + 1 at time k, and ω(k) v CN (0, Pω) denotes the
white Gaussian noise. Moreover, {hl (k)}k is modeled as
circular symmetric processes independent across the taps.
For a Rayleigh channel, hl (k) =

√
Pl zl (k) is regarded as a

complex Gaussian variable zl (k) v CN (0, 1) weighted by
√

Pl , the strength of this diffused path. In the case of a Rician
channel, there is an LOS component that is usually contained
in the first tap, and then h0(k) =

√
PLOS +

√
P0z0(k), where

PLOS represents the strength of the LOS component [26,
ANNEX 2]. For simplicity, all taps are normalized such that
the expected value of the path gains’ total power is 1.

By performing filtering and down-sampling to the re-
ceived signal r (k) at the receiver, we can obtain the (m, n)-th
filtered signal ym,n:

ym,n =
〈
r (k), qm,n(k)

〉
=

∑
k

r (k)q∗m,n(k) (5)

where qm,n(k) is the corresponding analysis filter signal, and
〈〉 denotes the inner product.

After the single-tap equalization, the decision statistic
x
′

m,n of the (m, n)-th data symbol is obtained:

x
′

m,n =
ym,n

h′m,n
=

〈
r (k), qm,n(k)

〉
h′m,n

(6)

where

h
′

m,n =

L∑
l=0

〈
pm,n(k − τl)hl (k), qm,n(k)

〉
(7)

represents the equivalent channel coefficient corresponds to
the (m, n)-th data symbol after filtering operations.

2.2 Matrix Form of the Baseband Model

For convenience, we represent the baseband system model
in matrix form in the following as in [8], [9]. Let s =
[s(1), s(2), . . . , s(K )]T denote the transmitted signal vector,
with K = NTfs being the total number of samples during N
symbol periods, x = [x1,1, x2,1, . . . , xM,1, x1,2, . . . , xM,N ]T
denote the vectorized forms of the data symbols, P =
[p1,1, p2,1, . . . , pM,1, p1,2, . . . , pM,N ] denote the correspond-
ing synthesis filter signal matrix with each element vector
pm,n = [pm,n(1), pm,n(2), . . . , pm,n(K )]T representing the
signal vector of pm,n(k), and vec() denote the vectorization
operator. (1) can be rewritten as

s = Px = P vec(X) (8)

where

X =
*.....
,

x1,1 x1,2 . . . x1,N
x2,1 x2,2 . . . x2,N
...

...
. . .

...
xM,1 xM,2 . . . xM,N

+/////
-

(9)

is the data symbol matrix.
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Similarly, let Q = [q1,1, q2,1, . . . , qM,1, q1,2, . . . , qM,N ]
denote the analysis filter signal matrix, and ω and ω

′

denote the noise signal vector before and after filtering,
respectively. We can obtain the received signal vector
r = [r (1), r (2), . . . , r (K )]T and the filtered signal vector
y = [y1,1, y2,1, . . . , yM,1, y1,2, . . . , yM,N ]T as

r = Hs + ω (10)
y = QHr = QHHs + ω

′

(11)

where

H=

*..............
,

hτ0 (1) 0 . . . . . . . . . . . . 0 0

hτ1 (1) hτ0 (2) 0 . . . . . . . . . . . . 0
... hτ1 (2)

. . .
. . . . . . . . .

...
...

hτL (1)
...

. . .
. . . 0 . . .

...
...

0 hτL (2)
...

. . . hτ0 (K−L)
. . .

...
...

0 0
. . .

... hτ1 (K−L)
. . . 0

...

...
...

. . .
. . .

...
. . . hτ0 (K−1) 0

0 0 . . . hτL (K−L) . . . hτ1 (K−1) hτ0 (K )

+//////////////
-

(12)

is the channel convolution matrix and and the first two taps
are assumed to be adjacent in samples to show this matrix
briefly. Then ym,n and h

′

m,n in (6) can be calculated as

ym,n = qH
m,nr = qH

m,nHPx + ω
′

m,n (13)

h
′

m,n = qH
m,nHpm,n (14)

Note that Q generally equals P in FBMC and non-
CP-OFDM systems, and the perfect reconstruction property
of the prototype filters leads to QHP = IMN for OFDM
and<{QHP} = IMN for FBMC-OQAM, where IMN is the
MN × MN identity matrix. In the CP-OFDM case, CP can
be implemented by adding the corresponding signal sam-
ples and zero samples at the beginning of pm,n and qm,n,
respectively.

In addition, the synchronization errors, timing offset
(TO), and carrier frequency offset (CFO) can be presented
easily by performing some specific matrix operations on
Q. For example, for all subcarriers, TO with value ε can
be involved by shifting Q by fsε samples in the column
dimension, and CFO with value ρ can be involved by using
(ρ ⊗ 11×MN ) ◦Q as the new analysis filter signal matrix Q,
where ρ = [e j2πρ/ fs , e j2π2ρ/ fs , . . . , e j2πkρ/ fs , . . . , e j2πKρ/ fs ],
and 11×MN denotes the 1 × MN matrix whose entries are all
ones, and ◦ denotes the Hadamard product.

3. BEP Statistical Analysis in Rician and Rayleigh Mul-
tipath Channels

As mentioned in the previous sections, at the receiver, the
decision statistic x

′

m,n is determined to be a PAM symbol in
FBMC-OQAM systems or a QAM symbol in OFDM sys-
tems. In this study we only consider the Gray coding, which
is the most common case in communication systems. Based
on the unified baseband model introduced in Sect. 2, we pro-
pose a general analytical framework for BEP calculations

applicable to both FBMC-OQAM and OFDM systems in
Rayleigh and Rician multipath fading channels. Because a
square QAM signal can be regarded as a combination of two
independent PAM signals, as shown in Fig. 1, we begin with
the BEP analysis for the PAM signal. Firstly, let us consider
the 4-PAM case.

3.1 BEP Analysis for 4-PAM Signal

Figure 1(a) shows the constellation of the 4-PAM signal
and its decision boundaries. Each signal point from the
set {−3d,−d, d, 3d} represents a 2-bit symbol formatted as
b1b2, and d equals half the distance between two adjacent
signal points. The receiver determines the value of each bit
according to the real part of x

′

m,n, and the decision rules can
be described in a straightforward manner:

if <
{
x
′

m,n

}
≥ 0 then b1 = 0

else b1 = 1
if −2d ≤ <

{
x
′

m,n

}
< 2d then b2 = 0

else b2 = 1
Thus, the BEPs of bits b1 and b2, Pb1 and Pb2, and the

average BEP of the 4-PAM signal, Pb , can be calculated as

Fig. 1 Constellations of 4-PAM and 16-QAM Signals with Gray coding.
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Pb1 =
1
2
Re

{
<

{
x
′

m,n

}
< 0 | xm,n = d, 3d

}

+
1
2
Re

{
<

{
x
′

m,n

}
≥ 0 | xm,n = −d,−3d

}
(15)

Pb2 =
1
4
Re




<
{
x
′

m,n

}
≥ 2d or

<
{
x
′

m,n

}
< −2d

���� xm,n = ±d
}

+
1
4
Re

{
− 2d ≤ <

{
x
′

m,n

}
< 2d | xm,n = ±3d

}

(16)

Pb =
1
2

(Pb1 + Pb2) (17)

For convenience, we define FRe,x′m,n (λ, xm,n) to be the con-
ditional cumulative distribution function (CDF) of<

{
x
′

m,n}:

FRe,x′m,n (λ, xm,n) = Pr
{
<

{
x
′

m,n

}
< λ��xm,n

}
(18)

where λ denotes the decision boundary. Accordingly,
Pr

{
Re

{
x
′

m,n

}
≥ λ��xm,n

}
= 1 − FRe,x′m,n (λ, xm,n), and (15)

and (16) can be calculated if the values of FRe,x′m,n (λ, xm,n)
are obtained for the corresponding λ and xm,n.

Considering the presence of ISI and ICI, FRe,x′m,n
(λ, xm,n) refers to not only xm,n but also the other data sym-
bols in vector x. Although treating the ISI and ICI as Gaus-
sian noise is a more simplified method, this will cause ob-
servable approximate errors in some doubly-selective chan-
nels at high SNRs [8], [9]. According to x = G[xTI , xm.n]T ,
where G is a permutation matrix used to split the transmitted
symbols x into interfering symbols xI and the symbol of in-
terest, xm,n, a numerical calculation process as in [9] should
be performed:

FRe,x′m,n (λ, xm,n)=
1
C

∑
xI ∈S

FRe,x′m,n(λ,G[xTI , xm.n]T )

(19)

where FRe,x′m,n (λ,G[xTI , xm.n]T ) is the probability function
conditioned on the data symbol vector x = G[xTI , xm.n]T , S
is the set of xI , andC is the cardinality of S. A proper size of
S should be chosen to as a trade-off between the computation
complexity and accuracy.

If the statistic characteristics of x
′

m,n conditioned on the
transmitted data symbols x are known, then FRe,x′m,n (λ, x)
can be calculated easily as a marginal distribution function
of x

′

m,n. For Rayleigh and Rician fading channels, given the
transmitted data symbols x, ym,n and h

′

m,n can be consid-
ered as a linear combination of Gaussian random variables,
according to (13) and (14). This means that ym,n and h

′

m,n

are a pair of correlated complex-valued Gaussian random
variables, and their expectations can be calculated as

E
[
ym,n��x

]
= qH

m,nE
[
H

]
Px + E[ω

′

m,n]

=



0 Rayleigh channels,
√

PLOS (xm,n+ j Iint) Rician channels.
(20)

E
[
h
′

m,n

]
= qH

m,nE
[
H

]
pm,n

=



0 Rayleigh channels,
√

PLOS Rician channels.
(21)

where j Iint denotes the intrinsic imaginary interference
caused by other data symbols in x in FBMC-OQAM sys-
tems and equals zero in OFDM systems.

In the case of Rayleigh fading channels, ym,n and h
′

m,n

are zero-mean, and then x
′

m,n, given by ym,n/h
′

m,n, follows
a complex ratio distribution defined in [27] with CDF given
by (A· 1) in Appendix.

In the case of Rician fading, however, according to (20)
and (21), ym,n and h

′

m,n are not zero-mean because of the
LOS component, and then the CDF of complex ratio distri-
bution derived in [9] and [27] can no longer be applied. Thus,
we introduce another method to calculate FRe,x′m,n (λ, x) in
the following.

Firstly, FRe,x′m,n (λ, x) can be written as

FRe,x′m,n (λ, x)

= Pr
{
<

{ ym,nh
′∗
m,n

|h′m,n |2

}
< λ

����x
}

= Pr
{
<

{
h
′∗
m,n(ym,n − λh

′

m,n)
}
< 0��x

}
(22)

Namely, FRe,x′m,n (λ, x) is equivalent to the conditional prob-
ability of<

{
h
′∗
m,n(ym,n − λh

′

m,n)
}
< 0, and<

{
h
′∗
m,n(ym,n −

λh
′

m,n)
}
can be regarded as a Hermitian quadratic form vari-

able: 1
2 (α∗m,n βm,n + αm,n β

∗
m,n), where αm,n = h

′

m,n and
βm,n = ym,n − λh

′

m,n. As described in previous, ym,n
and h

′

m,n are Gaussian distributed, and thus 1
2 (α∗m,n βm,n +

αm,n β
∗
m,n) is a Gaussian Hermitian quadratic form variable.

Then, the conditional probability in (22) can be obtained as
an extension to the result in [28] and [29]:

FRe,x′m,n (λ, x) = Q(a, b) −
v2

v1 + v2
I0(ab)e−

a2+b2
2 (23)

where Q(a, b) is the Marcum Q function, I0(·) is the 0-th
order modified Bessel function of the first kind, and




a =
√

2v2
1 v2(u1v2 − u2)/(v1 + v2)2

b =
√

2v1v2
2 (u1v1 + u2)/(v1 + v2)2

u1 =
1
4
[
|mα |

2mββ + |mβ |
2mαα − 2<{m∗αmβmαβ }

]
u2 = <{m∗αmβ }

v1 =
√
ω2 + 4/

(
mααmββ − |mαβ |

2) − ω
v2 =

√
ω2 + 4/

(
mααmββ − |mαβ |

2) + ω
ω = 2<{mαβ }/

(
mααmββ − |mαβ |

2)
(24)

where mα, mβ , mαα and mββ are the means and vari-
ances of α and β respectively, and mαβ denotes the co-
variance of α and β. These moments can be calculated
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mα = E
[
αm,n

��x
]
= E

[
h
′

m,n

]
=
√

PLOSqH
m,npm,n

mβ = E
[
βm,n��x

]
= E

[
(ym,n − λh

′

m,n)��x
]
=
√

PLOSqH
m,nPx − λmα

mαα = E
[
(αm,n − mα)(αm,n − mα)∗��x

]
= E

[��h
′

m,n
��2

]
− ��mα

��2

mββ = E
[
(βm,n − mβ)(βm,n − mβ )∗��x

]
= E

[��ym,n��2
���x

]
+ λ2E

[��h
′

m,n
��2

]
− 2λ<

{
E

[
ym,nh

′∗
m,n

���x
] }
− ��mβ

��2

mαβ = E
[
(αm,n − mα)(βm,n − mβ)∗��x

]
= E

[
y∗m,nh

′

m,n
���x

]
− λE

[��h
′

m,n
��2

]
− mαm∗β

(25)

where




E
[��ym,n��2

���x
]
= E

[(
xTvec

(
qH
m,nHP

)) (
vec

(
qH
m,nHP

)Hx∗
)]
+ Pω

= E
[
xT

(
PT ⊗ qH

m,n

)
vec

(
H

)
vec

(
H

)H (
PT ⊗ qH

m,n

)Hx∗
]
+ Pω = xT

(
PT ⊗ qH

m,n

)
Rvec(H)

(
PT ⊗ qH

m,n

)Hx∗ + Pω

E
[��h

′

m,n
��2

]
= E

[(
qH
m,nHpm,n

) (
qH
m,nHpm,n

)H ]
=

(
pT
m,n ⊗ qH

m,n

)
Rvec(H)

(
pT
m,n ⊗ qH

m,n

)H
E

[
ym,nh

′∗
m,n

���x
]
= xT

(
PT ⊗ qH

m,n

)
Rvec(H)

(
pT
m,n ⊗ qH

m,n

)H
E

[
y∗m,nh

′

m,n
���x

]
= E

[(
ym,nh

′∗
m,n

)∗���x]
=

(
pT
m,n ⊗ qH

m,n

)
Rvec(H)

(
PT ⊗ qH

m,n

)Hx∗

(26)

as (25) and (26) at the top of the next page, where E[] is
the expectation operator, ⊗ denotes the Kronecker product,
Rvec(H) = E[vec(H)vec(H)H ], and Pω is the noise power.
The elements of Rvec(H) are the self and cross correlations
of the channel coefficient samples, which can be calculated
according to the power spectrum of the channel model.

In the Appendix, we prove that (23) is equivalent to
the analytical expression of FRe,x′m,n (λ, x) derived using the
CDF of x

′

m,n in the Rayleigh fading situation.
The BEP of the 4-PAM signal can then be obtained by

(15-17) and (19). In the following section, we will provide
the general BEP expressions for PAM signals with different
constellation orders.
Remark 1: The expressions above can be greatly simpli-
fied for the doubly-flat channels if there is no synchroniza-
tion error at the receiver. Owing to the absence of ICI and
ISI in this case, we do not need to evaluate the interference
caused by the other data symbols; thus, the numerical cal-
culation process in (19) is not required. FRe,x′m,n (λ, xm,n)
can be calculated directly according to (23) by making the
variable substitution: x → xm,n. Consequently, (26) is re-
duced to E

[
| ym,n |

2��xm,n
]
= |xm,n |2 + Pω , E

[
|hm,n |

2] = 1,
E
[
ym,nh

′∗
m,n

��xm,n
]
= xm,n, and E

[
y∗m,nh

′

m,n
��xm,n

]
= x∗m,n,

and thus the moment expressions in (25) are given as




mα =
√

PLOS

mβ =
√

PLOS
(
xm,n − λ

)
mαα = 1 − PLOS

mββ =
(
1 − PLOS

) (
|(xm,n) |2+λ2−2λ<{xm,n}

)
+Pω

mαβ =
(
1 − PLOS

) (
x∗m,n − λ

)
(27)

3.2 General BEP Expressions for O-Ary PAM Signal

Now we extend the BEP analysis from 4-PAM to the general
case, the O-ary PAM signal. The bits of the signal points in
PAM constellations with Gray coding are mapped as shown
in Table 1. When a data symbol estimated at the receiver is
different from the one transmitted, it will cause some spe-
cific bit errors. This means we should calculate the error
probability of all transmitting-receiving symbol pairs, spec-
ify the relationship between the bit error and symbol error,
and obtain the BEP accordingly.

A regular pattern of the Gray-coded PAM signal can
be observed in Table 1 for the BEP analysis. There are
log2 O bits to be represented in a O-ary PAM symbol. Let us
denote the bit sequences in Table 1 as b1b2...bi ...blog2 O, i.e.,
the left-most bit is the first bit. The most important feature
of Gray coding is that there is only one different bit between
two adjacent signal points. Namely, it can be regarded that
each decision boundary in the constellation associates with
a specific bit. For example, as presented in (15) and (16),
we only consider the boundaries λ = 0 for bit b1 and λ =
−2d, 2d for bit b2 when we calculate the BEPs of b1 and
b2 for a 4-PAM signal. In addition, we can find that it is a
many to one mapping for the decision boundaries and bits.
To be specific, there are 2i−1 decision boundaries associate
with the i-th bit bi , and the distance between two adjacent
boundaries among them is (4O2−i)d. The relationships of
the bits, decision boundaries and distances are shown in
Table 2.

Moreover, if the decision statistic ξ
′ is smaller than

the left boundaries of the transmitted signal point ξ that is
mapped to bit bi in the constellation, from the nearest to the
farthest, bi is flipped alternately between the wrong and right
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Table 1 Bit sequences of the PAM symbols using Gray coding [30].

O-ary PAM Left Half Plane Right Half Plane
2-PAM 1 0
4-PAM 11 10 00 01
8-PAM 111 110 100 101 001 000 010 011
16-PAM 1111 1110 1100 1101 1001 1000 1010 1011 0011 0010 0000 0001 0101 0100 0110 0111

... ... ...

Table 2 Decision boundaries for bits of PAM signal.

O-ary PAM Bit Decision Boundaries Distance
2-PAM b1 0 -

4-PAM b1 0 -
b2 2d, −2d 4d

8-PAM
b1 0 -
b2 4d, −4d 8d
b3 −6d, −2d, 2d, 6d 4d

16-PAM

b1 0 -
b2 8d, −8d 16d
b3 −12d, −4d, 4d, 12d 8d
b4 −14d, −10d, −6d, −2d, 2d, 6d, 10d, 14d 4d

... ... ... ...

values. This is the same rule when ξ′ is larger than the right
boundaries.

For the BEP calculation, owing to the symmetry of the
constellation and the equal transmission probabilities of the
signal points, we only have to calculate the BEP for the case
in which only the signal points located in the right half plane
of the constellation are transmitted.

According to the discussion above, the error probability
of the i-th bit can be determined as follows:

PO (i) =
1
O

O∑
k1=1

2i−1∑
k2=1

(−1)

⌊
<

{����λk2−ξk1
����

}
(4O2−i )d

⌋
F
′

Re,ξ′
k1

(
λk2, ξk1

)
=

2
O

O/2∑
k1=1

2i−1∑
k2=1

(−1)

⌊
<

{����λk2−ξk1
����

}
(4O2−i )d

⌋
F
′

Re,ξ′
k1

(
λk2, ξk1

)
(28)

where ξk1 = (O − 2k1 + 1)d is the k1-th transmitted signal
point, ξ′

k1
is the corresponding received decision statistic,

λk2 =
(
−O + 2O2−i + 4O(k2 − 1)2−i

)
d is the k2-th deci-

sion boundary, and

F
′

Re,ξ′ (λ, ξ) =
{

FRe,ξ′ (λ, ξ) if λ < ξ

1 − FRe,ξ′ (λ, ξ) if λ ≥ ξ (29)

where FRe,ξ′ (λ, ξ) is the conditional probability function
defined in (18). Finally, the exact expression of the average
BEP of a O-ary PAM signal can be obtained by averaging
the BEP given in (28):

Pb,O−PAM =
1

log2 O

log2 O∑
i=1

PO (i) (30)

3.3 BEP Evaluation for QAM Signal

As mentioned earlier, a square QAM signal can be regarded

as a combination of two independent in-phase and quadrature
PAM signals. Thus the BEP expression for O-ary square
QAM is similar to that for a

√
O-ary PAM signal:

Pb,O−QAM =Pb,
√
O−PAM =

1
log2
√

O

log2
√
O∑

i=1
P√O (i) (31)

where P√O (i) is the i-th BEP determined in (28). However,
different from the case of the PAM signal, the QAM data
symbols ξk′1 used to perform calculations in (28) are complex
and can be a arbitrary group of symbols located in the in-
phase dimension, e.g., ξk1 = (O − 2k1 + 1)d + jd.

4. Simulation

In this section, we present the simulation results in order
to validate the previous theoretical analysis. We consider
the FBMC-OQAM system and two OFDM variants: CP-
OFDM and non-CP-OFDM. The subcarrier bandwidth is set
as F = 15 kHz, and the length of the CP adopted in CP-
OFDM equals T

/
14 of the non-CP-OFDM, which are the

same as those in LTE. For a fair comparison, the symbol pe-
riod T of FBMC-OQAM is half of non-CP-OFDM, and the
order of PAM adopted in FBMC-OQAM is the square root of
the order of QAM in OFDM. Thus, FBMC-OQAM achieves
the same data rate as non-CP-OFDM. We employ the Her-
mite filter in the FBMC-OQAM system, and the overlapping
factor is set to 6. In order to exactly evaluate the effects
of ICI and ISI in both OFDM and FBMC-OQAM systems
with multipath fading channels, a sufficient number of sub-
carriers and symbols must be considered. In the simulation,
M = 200 and N = 7 are selected. The sampling rate is
15 MHz, and we consider only the data symbol located in
the middle position among all subcarriers and symbols to
evaluate the BEP performance accurately.

Figure 2 presents the BEP performances of OFDM and
FBMC-OQAM systems in Rayleigh and Rician flat chan-
nels calculated based on the analytical expressions derived
in this paper and in [9]. It can be observed that the numeri-
cal simulation results agree well with the theoretical results
calculated for different modulation constellation sizes. The
performances of non-CP-OFDM, CP-OFDM and FBMC-
OQAM systems are also similar. This is mainly owing to the
absence of ICI and ISI in the flat channel.

Agreements between the results of theoretical analysis
and the numerical simulation can also be observed in doubly-
selective channels as shown in Fig. 3. Three types of doubly-
selective fading channels in [26] are considered: Pedestrian
A (Ped-A), Vehicular A (Veh-A), and satellite A (Sat-A). In
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Fig. 2 The BEP performances of O-ary QAM for OFDM systems and√
O-ary PAM for FBMC-OQAM system in Rayleigh and Rician doubly-flat

channels.

the case of Ped-A and Veh-A channels, the non-CP-OFDM
system suffers a greater deterioration in performance than
the CP-OFDM and FBMC-OQAM systems because of the
presence of ICI and ISI. Because both the velocity of the
receiver and the interfering multipath power are assumed to
be very low in the Ped-A channel, the Doppler spread and
delay spread are small, and thus the BEP performances of
FBMC-OQAMandCP-OFDM systems stay almost the same
over a large range of SNRs in the Ped-A channel. This also
explains the results of the Sat-A channel, where the Doppler
shift caused by the movement of the satellite is assumed
to be compensated perfectly. In addition to the small time
and frequency spreads, there is an LOS path in the Sat-A
channel that results in better BEP performance than in the
Ped-A channel. However, in the harsher Veh-A channel, the
large Doppler spread makes ICI the dominant constraint at
high SNR values, and therefore the FBMC-OQAM system
outperforms the CP-OFDM system.

The effects of the synchronization errors can also be
evaluated. Figure 4 shows the BEP performances in the pres-
ence of CFO and TO. As shown in Fig. 4, the FBMC-OQAM

Fig. 3 BEP performances of 64-QAM for OFDM systems and 8-PAM
for FBMC-OQAM system in three ITU doubly-selective channels: Ped-A
(Rayleigh) at 3 km/h, Veh-A (Rayleigh) at 500 km/h, and Sat-A (Rician) at
70 km/h.

Fig. 4 BEP performances of OFDM systems and FBMC-OQAM system
in the Rician flat channel in the case of existing CFO and TO, and Rician
factor = 3 dB. In simulations of OFDM and FBMC-OQAM systems, 64-
QAM and 8-PAM at SNR = 30 dB are used, respectively. Range of TO and
CFO extends from zero to ±0.2T and ±0.2F , respectively.
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system is less sensitive to CFO than the OFDM systems, ow-
ing to its filter with excellent TFL property. In the case of
the timing offset, because the CP interval introduces a time
zone that can absorb the timing offset, there is a negligible
effect on CP-OFDMwhen TO is within the CP period range.
If TO exceeds the CP-protected time range, the performance
of the CP-OFDM system deteriorates drastically as the non-
CP-OFDM system, which is also more sensitive to TO than
the FBMC-OQAM system. In fact, by inserting a protect
subcarrier between the bands occupied by the adjacent users
to against different TOs and CFOs, the FBMC-OQAM sys-
tem can achieve much better performance than the OFDM
system and is thus considered a promising efficient solu-
tion for asynchronous multiuser communication scenarios
[11], [12], [31].

5. Conclusion and Future Works

In this paper, we have presented a general analytical frame-
work for evaluating the basic BEP performances of FBMC-
OQAM and OFDM systems. By virtue of this analytical
framework, different channel cases including Rayleigh and
Rician fading, and flat and selective channels can be con-
sidered. We have also derived the exact closed-form BEP
expressions for Gray-coded PAM and square QAM signals
with arbitrary constellation sizes. The accuracy of the the-
oretical analysis has been validated by simulation results.
According to the simulation results, the FBMC-OQAM sys-
tem achieves the same BEP performances as OFDM in flat
channels and even better performances than CP-OFDM in
highly time-varying channels, while maintaining higher fre-
quency spectral efficiency. In addition, the proposed an-
alytical framework can easily be extended to evaluate the
BEP performances of FBMC-OQAM and OFDM systems
in asynchronous communication scenarios.

For future work, more practical issues, e.g., channel
estimation error, phase noise, and nonlinear distortion, can
be taken into consideration. Besides, given that channel
coding is widely used in communication systems to pro-
tect data symbols from noise and interference, the analytical
BEP evaluation of coded OFDM and FBMC-OQAM signals
needs to be addressed.
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Appendix: Conditional CDF of<{x′m,n} over Rayleigh
Fading Channels

In this Appendix we will show that the expression of
FRe,x′m,n (λ, x) given by (23) is essentially the same as that de-
rived according to the CDF of the complex ratio distribution
in Rayleigh fading channels. As a special case, the well-
known BEP expression of BPSK signal over the Rayleigh
flat channel is also derived.

In the case of Rayleigh channels, ym,n and h
′

m,n can be
regarded as zero mean, correlated, complex-valued, Gaus-
sian random variables [9]. The conditional CDF of the com-
plex ratio x

′

m,n = ym,n/h
′

m,n can be obtained as [9, Lemma
1]

Fx
′
m,n

(zR, zI, x)

=Pr
{(
<

{
ym,n

h′m,n

}
< zR

)
∧

(
=

{
ym,n

h′m,n

}
< zI

) ����x
}

=
1
4
+

(
zR −<{γ}

) *
,
2 tan−1 *

,
zI−={γ }√

(zR−<{γ })2
+η−|γ |2

+
-
+ π+

-
4π

√(
zR −<{γ}

)2
+ η − |γ |2

+

(
zI − ={γ}

) *
,
2 tan−1 *

,
zR−<{γ }√

(zI−={γ })2
+η−|γ |2

+
-
+ π+

-
4π

√(
zI − ={γ}

)2
+ η − |γ |2

,

(A· 1)

where

γ =
E
[
ym,nh

′∗
m,n |x

]
E
[
|h′m,n |2

] and η =
E
[
| ym,n |

2 |x
]

E
[
|h′m,n |2

] . (A· 2)

Then FRe,x′m,n (λ, x) can be obtained by setting zR and
zI to λ and∞ respectively:
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)
4π

√(
λ −<{γ}

)2
+ η − |γ |2

=
1
2
+ sgn

(
λ −<{γ})

) 1

2
√

1 + η−|γ |2(
λ−<{γ }

)2

(A· 3)

where sgn(·) is the sign function.
Alternatively, we can use Eq. (23) to calculate

FRe,x′m,n (λ, x). For a Rayleigh channel, PLOS = 0, and then
mα and mβ in (25) are zero. The values of a, b, u1, and u2 in
(24) also become 0 accordingly. Then, (23) is simplified to

FRe,x′m,n (λ, x) = 1 −
v2

v1 + v2

= 1 −

√
ω2 + 4/

(
mααmββ − |mαβ |

2) + ω
2
√
ω2 + 4/

(
mααmββ − |mαβ |

2)
=

1
2
− sgn(ω)

1

2
√

1 + 4(
mααmββ−|mαβ |

2
)
ω2

(A· 4)

where
(
mααmββ − |mαβ |

2)ω2 and sgn(ω) can be written as
(A· 5) and (A· 6) respectively, shown at the top of this page,
and we omit the subscript (m, n) and conditional notation
|x in (A· 5) for brevity. Substituting (A· 5) and (A· 6) into
(A· 4), we can find that (A· 4) and (A· 3) get the same result.

In the case of Rayleigh doubly-flat fading channel, ac-
cording to (28) and (30), the well-known BEP expression for
the BPSK signal [32] can be obtained as

Pb,BPSK = P2(1)
= FRe,ξ′=d (0, d)

=
1
2
−

1

2
√

1 + pω
|d |2

=
1
2
−

1
2

√
SNR

1 + SNR
(A· 7)

where d2 denotes the power of the BPSK signal, and SNR =
d2/Pω denotes the symbol SNR.
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sgn(ω) = sgn
( 2<{mαβ }(

mααmββ − |mαβ |
2) ) = sgn
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(A· 6)
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