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PAPER
Study on a Doppler-Tolerant Waveform Design for Joint Radar and
Communication Systems

Toru TAKAHASHI†a), Senior Member, Yasunori KATO†, Kentaro ISODA†,
and Yusuke KITSUKAWA†, Members

SUMMARY In this paper, a Doppler-tolerant waveform is proposed as
a transmitting signal for joint radar and communication systems. In the pro-
posed waveform, communication signals are multiplexed at the side band
of a linear frequency modulated (LFM) pulse, based on the orthogonal fre-
quency division multiplexing (OFDM) scheme. Therefore, the proposed
waveform can maintain Doppler-tolerance in radar use as well as the orig-
inal LFM pulse can. In addition, it is also capable of flexibly increasing
the transmission rate in communication use by assigning more communi-
cation signals at the side-band subcarriers. Numerical simulations were
carried out to comprehensively examine the proposed waveform in terms
of the probability of detection in radar use and the symbol error rate in
communication use. In conclusion, the proposed waveform is suited to the
transmitting signal for joint radar and communication systems, especially
with maintaining Doppler-tolerance to detect fast-moving targets.
key words: Doppler-tolerance, joint radar and communication system,
linear-frequency-modulated pulse, orthogonal frequency-division multi-
plexing, waveform design

1. Introduction

Recently, tighter spectrum allocations have become a criti-
cal issue in radio wave engineering because of the rapid evo-
lution of various wireless systems, such as mobile commu-
nications, wireless sensor networks, wireless power transfer,
and radar systems [1], [2]. Various approaches have been
proposed with concerning the co-existence and/or the shar-
ing of spectra with wireless communication systems [3], [4].
To the best of the authors’ knowledge, three kinds of ap-
proaches have addressed this problem thus far. The first mit-
igates interference from other wireless systems; the second
shares the spectrum or waveform between multiple wire-
less systems; and the third pioneers higher unused frequen-
cies such as millimeter waves and sub-terahertz frequencies.
This study focused on a waveform shared between radar and
wireless communication systems, which can also be applied
to joint radar and communication systems. Especially, we
target a Doppler-tolerant waveform by which fast moving
targets can be detected in radar use. In addition, we aim to
establish a waveform that can flexibly increase the transmis-
sion rate in communication use to some extent.

Conventional studies on such shared waveforms can be
classified as those based on communication waveforms [6]–
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[33] and radar waveforms [34]–[60].
Communication-based waveforms are mainly derived

from spectrum-spread modulations [6]–[13] or orthogonal
frequency-division multiplexing (OFDM) [14]–[30]. In
general, both have wide bandwidths and sharp autocorre-
lation characteristics, which provide high-range resolution
and signal processing gain after matched filtering or pulse
compression. However, a spectrum-spread modulation is
less tolerant of the frequency shift due to the Doppler effect
because it corresponds to a phase-modulated pulse wave-
form in radar [61], [62]. OFDM would also be much less
tolerant of the Doppler shift because the ambiguity func-
tion of a multi-carrier signal has a single peak in the fre-
quency domain [63]. These communication-based studies
have aimed to detect static objects or slow-moving targets
such as automobiles, not fast-moving targets such as air-
craft. Another communication-based study has proposed
a multiple-input and multiple-output radar, where orthogo-
nal phase-shift keying (PSK) signals are transmitted through
each branch [31]–[33]. These studies have evaluated their
communication performance, but not discussed their radar
performance or Doppler tolerance.

On the other hand, most of the radar-based waveforms
are pulsed signals for transmitting coded data, which are
classified into two kinds of modulations: 1) inter-pulse mod-
ulations, that is, pulse-by-pulse modulations, and 2) intra-
pulse modulations, wherein communication signals are em-
bedded within a pulsed signal.

Some inter-pulse modulations have employed amplitude-
shift keying (ASK) [34], [35], frequency-shift keying (FSK)
[36], [37], and PSK [38], [39] for each pulse, as well as
digital communication systems do. Pulse-position mod-
ulation has also been proposed [40]–[42]. Other inter-
pulse modulation schemes employ both up- and down-chirp
linear-frequency-modulated (LFM) waveforms to transmit
1-bit data [43], [44]. These inter-pulse modulations could
be Doppler-tolerant if the individual pulses were LFM
which are well-known Doppler-tolerant pulses due to range-
Doppler coupling [61], [62]. However, inter-pulse modula-
tion is not sufficiently flexible to increase the transmission
rate of communication messages. In inter-pulse modulation
schemes, the transmission rate is determined by the pulse
repetition frequency (PRF) and the number of symbols for
each pulse. The PRF should be designed on the basis of
radar requirements and the number of symbols would be re-
stricted by the signal-to-noise ratio (SNR). Consequently, it
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would be difficult for inter-pulse modulation to flexibly in-
crease the transmission rate in joint radar and communica-
tion systems.

In intra-pulse modulations, phase-coded waveforms
have been frequently employed to transmit coded commu-
nication messages [45]–[53]. However, they are much less
tolerant of Doppler shifts [61], [62]. Alternative intra-pulse
modulations have embedded communication signals within
an LFM pulse [54]–[60]. In [54]–[58], the communication
signals are embedded using eigenvectors for the correlation
matrix of an LFM pulse. Although these studies are analo-
gous to our approach, they do not discuss radar performance
or Doppler tolerance. In [59], continuous phase modulations
for communication messages are attached to an LFM pulse.
The study focuses on the efficiency in terms of the transmit-
ting power and spectrum, but does not discuss the Doppler-
tolerance, assuming to detect fast-moving targets such as
aircrafts. In our opinion, the waveform in [59] would be less
tolerant of Doppler shifts because it is a kind of phase-coded
waveforms. In [60], mutually orthogonal sinusoidal phases
are added as communication signals to an LFM waveform
phase. The embedded communication signals are so subtle
that the waveform has successfully maintained the original
LFM characteristics as well as Doppler tolerance. How-
ever, in return for the radar performance, the bit error rate
for communication messages tends to deteriorate. Addition-
ally, the modulation and demodulation schemes are not lin-
ear processing, which is a drawback in practice.

To summarize, conventional communication-based
waveforms are suitable for higher transmission rates in com-
munication use but are inappropriate for detecting fast-
moving targets in radar use. Conversely, conventional radar-
based waveforms are suitable for detecting fast-moving tar-
gets in radar use, but they have limitations in terms of
the transmission rate in communication use. Consequently,
there is a trade-off between the transmission rate and the
Doppler tolerance.

Therefore, the authors had previously proposed the
Doppler-tolerant waveform to minimize the above trade-off

to the maximum possible extent [64], [65]. In the proposed
waveform, communication symbols were assigned to the
subcarrier frequencies within the sideband of an LFM pulse,
similar to an OFDM transmission signal. Thus, the proposed
waveform could maintain the Doppler tolerance to some ex-
tent as well as the original LFM pulse can. In addition, the
transmission rate in communication use could be increased
by simply assigning more communication symbols to the
additional subcarriers. A similar approach is presented in
[29], wherein the radar and communication symbols are
multiplexed using the OFDM scheme. However, the wave-
form in [29] is less tolerant of the Doppler shift because the
Doppler shift is supposed to be considerably smaller than
the subcarrier interval. The waveforms in [54]–[58] may
be mathematically equivalent to our proposed waveform be-
cause the radar and communication signals are multiplexed
inside a waveform using their orthogonality. However, they
do not comprehensively discuss and evaluate the radar per-

formance and Doppler tolerance in detail.
The advanced points of this study from our previous

studies [64], [65] are:

• Comprehensive examination of the radar performance
by the proposed waveform, adding the other conditions

• Theoretical analysis and numerical simulation of the
peak-to-average power ratio (PAPR) of the proposed
waveform

• Presenting the ambiguity functions in order to clarify
how the proposed waveform is Doppler-tolerant

• Proposing a demodulation process to detect embed-
ded communication symbols using an asynchronous re-
ceiver

• Comprehensive examination of the communication
performance using the proposed demodulation process

The remainder of this paper is organized as follows. Sec-
tion 2 presents the proposed waveform. Section 3 presents
the numerical simulations to validate the proposed wave-
form.

2. Proposed Waveform Design

2.1 Overview

Figure 1 shows the joint radar and communication system
postulated in this study, wherein the radar and the wireless
communication are the primary and secondary functions, re-
spectively, with the transmitting signal shared by both. The
main beam and sidelobes of the antenna pattern are directed
at the radar targets and communication receivers, respec-
tively. The radar must be able to detect fast-moving targets
(such as aircraft), with wireless communication transmitting
the data associated with radar detection, for instance.

Figure 2 illustrates the concept of the proposed wave-
form, wherein the radar and communication signals are
multiplexed in the frequency domain. A schematic block
diagram to generate the proposed waveform is shown in
Fig. 3. First, the original LFM pulse is transformed into
the frequency domain by fast Fourier transform (FFT), and
some subcarrier signals at the sideband of the original LFM

Fig. 1 Joint radar and communication system.
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Fig. 2 Proposed waveform concept in the frequency domain to embed
communication signals into an LFM pulse.

Fig. 3 Block diagram for transmitting and receiving the proposed wave-
form.

pulse are replaced with complex symbols corresponding to
the coded communication messages, as shown in Fig. 2(b).
The replaced subcarrier frequencies are outside the modula-
tion bandwidth but within a guard band or regulation band,
which are referred to as communication subcarriers. Indi-
vidual symbols for communication subcarriers are complex
values modulated by ASK, PSK, quadrature amplitude mod-
ulation, and others. The multiplexed signal is again trans-
formed into the time domain by inverse fast Fourier trans-
form (IFFT) and then formed into a pulsed waveform with
pulse width τ and pulse repetition interval PRI, as shown in
Fig. 4. Note that the envelope of the waveforms varies per
pulse because the embedded communication messages also
change per pulse.

Figure 3 also includes the receiving diagram to work as
a radar, where the receiver is synchronized with the trans-
mitter. In such a synchronized receiver, the signal within
the time interval PRI is transformed into the frequency do-

Fig. 4 Proposed waveform schema in the time domain.

main by FFT and correlated with the reference signal, which
should be a replica corresponding to the transmitting pulse
(which changes per pulse, as indicated above). Subse-
quently, the signal is again transformed into the time do-
main by the IFFT. Although this signal processing is identi-
cal to matched filtering or pulse compression in regular radar
systems, the reference signal changes per pulse. Doppler
processing, which means FFT in the slow-time dimension,
follows matched filtering. Finally, the signal or target is de-
tected using a threshold detection scheme, such as a constant
false alarm rate (CFAR) detector.

The method to extract embedded communication sym-
bols in asynchronous receivers is described in detail in
Sect. 2.6.

2.2 Formulation of the Proposed Waveform

In the time domain, the proposed transmitting waveform can
be expressed as:

xRF(t) = h
( t
τ

) Nc−1∑
n=0

ane j2π( fc+ fn)t (1)

fn = n∆ f , (2)

where fc is the carrier frequency (lower bound), fn is the
n-th subcarrier frequency, ∆ f is the subcarrier frequency in-
terval, an is a complex symbol for the n-th subcarrier, and
Nc is the total number of subcarriers. The function h(−) is a
pulse function given by:

h
( t
τ

)
=

1 0 ≤ t ≤ τ
0 otherwise

, (3)

where τ denotes the pulse width. All component signals in
(1) can be orthogonal to each other when, for a given t, ∆ f
is set as:

∆ f =
1
τ
. (4)

The complex symbol before embedding the communication
messages, which is alternatively defined as bn for the n-th
subcarrier, can be derived using the discrete Fourier trans-
form of the original LFM pulse. The original LFM pulse
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can be express as:

x(t)RF = h
( t
τ

)
e j2π fcte jπβt2/τ, (5)

where β is the modulation bandwidth of the original LFM
pulse. Therefore, bn is given by:

bn =

Nc−1∑
i=0

e jπβ(iTs)2/τe− j2πn∆ f (iTs) =

Nc−1∑
i=0

e j πβi2

fs Nc e− j 2πi
Nc , (6)

where Ts is the sampling interval, and fs is the sampling fre-
quency, the inverse of Ts. Nc in (6), which is also the num-
ber of subcarriers in (1), is the number of samples within the
pulse. Note that fs should be much greater than β to accom-
modate the communication subcarriers shown in Fig. 2(b),
which means that the signal should be oversampled beyond
the modulation bandwidth β. In order to lower the over-
sampling ratio, the subcarrier frequency interval ∆ f should
be narrowed, which means that the pulse width τ should be
widened according to (4).

As shown in Fig. 2(b), communication symbols are as-
signed to the communication subcarriers that are outside the
modulation bandwidth β. The number of communication
subcarriers is Ncom. In this study, each communication sub-
carrier is modulated by M-ary PSK, which can carry k-bit
information for M = 2k.

From the above definition, the complex symbol an for
the n-th subcarrier in (1) can be expressed as:

an =

bn fn < { fcom}

cne j 2π(m−1)
M fn ∈ { fcom}

, (7)

where { fcom} is the communication subcarrier, bn is given by
(6), cn is the real-valued amplitude of the communication
subcarriers, and m (= 1, 2 . . . ,M) is the index for M possible
phases. In this study, cn is assumed to be constant across all
communication subcarriers and is determined by the fixed
ratio η to the average transmitting power of (1) as:

c2
n = η

Nc−1∑
n=0

|an|
2 , (8)

where the power ratio η should be designed by the
communication-link budget. Section 2.7 discusses the de-
sign guidelines in detail.

2.3 Maximum Transmission Rate for Communication

In the proposed waveform, M symbols are assigned to each
communication subcarrier, which can carry k-bit informa-
tion for M = 2k. The number of communication subcarriers
is Ncom, as described in Sect. 2.2. Therefore, in theory, the
maximum transmission rate R [bps] in communication use
is given by:

R = k × PRF × Ncom, (9)

where PRF is the pulse repetition frequency that equals

the inverse of PRI, which should be designed primarily by
the radar requirement for the maximum range or velocity
of the targets. Therefore, (9) indicates that the proposed
waveform has two degrees of freedom, k and Ncom, to in-
crease the transmission rate. Conversely, conventional inter-
pulse modulations such as [34]–[44], which correspond to
Ncom = 1, have only one degree of freedom, that is, k. Thus,
the proposed waveform is more advantageous in terms of
increasing the transmission rate than conventional ones.

2.4 Received Signal Power to Noise Ratio

The received signal can be expressed as:

yRF(t) = αh
( t − T

τ

) Nc−1∑
n=0

ane j2π( fc+ fd+n∆ f )(t−T ), (10)

where α is a complex propagation factor that includes path
loss and target reflectivity. T is the propagation delay time,
which is the round-trip time in radar use, or the one-way de-
lay time in communication use. fd is the Doppler frequency
due to the relative speed between the receiver and target.

The average SNR before signal processing can be ob-
tained from (10) as:

SNRav =

1
τ

∫ ∞

−∞

|yRF(t)|2 dt

σ2
wB

=
Pr,av

σ2
wB

, (11)

where σ2
w is the noise power spectral density, B is the re-

ceiver bandwidth, and Pr,av is the average received power,
defined by

Pr,av ≡
1
τ

∫ ∞

−∞

|yRF(t)|2 dt. (12)

Because the received signal due to the proposed waveform
is a sum of orthogonal subcarriers, as shown in (10), the
average received power can be derived as:

Pr,av = |α|2
Nc−1∑
n=0

|an|
2 . (13)

If the Doppler shift can be completely compensated via the
matched filter, the SNR at the output of the matched filter
results in:

SNRrad =

∫ ∞

−∞

|yRF(t)|2 dt

σ2
w

= BτSNRav =

τ|α|2
Nc−1∑
n=0

|an|

σ2
w

.

(14)

In this study, the SNR defined by (14) is referred to as that
of the radar signal, which means that the signal processing
gain Bτ is obtained by the matched filter as well as for the
regular LFM pulse. Furthermore, (14) indicates the SNR of
the radar signal is proportional to the average power within
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the pulse. In the original LFM, the average power within
a pulse is equal to the peak power because the envelope of
the pulse is constant. However, in the proposed waveform,
the envelope fluctuates within a pulse, as depicted in Fig. 4,
because it is a kind of multi-carrier signals such as OFDM.
Therefore, if the transmitting peak power is set equal to that
of the original LFM pulse, the SNR (14) can be expressed
as:

SNRrad =
Prτ

γσ2
w

, (15)

where Pr is the received power due to the original LFM
pulse, and γ is the PAPR of the proposed waveform. Equa-
tion (15) implies that the proposed waveform reduces the
SNR of the radar signal in inverse proportion to the PAPR,
compared to the original LFM pulse. This is a disadvantage
of our waveform over the original LFM pulse and, therefore,
the PAPR should be carefully evaluated in the waveform de-
sign. The PAPR of the proposed waveform is analyzed in
Sect. 2.5 in detail.

Next, the SNR of the communication signals is dis-
cussed. As described in Sect. 2.6, the embedded communi-
cation symbols, which are assigned to communication sub-
carriers { fcom}, are extracted after the received signal under-
goes FFT in fast time as well as in the OFDM receivers.
Therefore, the SNR of the communication signals can be
obtained by:

SNRcom =

∫ ∞

−∞

|αan|
2 dt

σ2
w

=
|α|2c2

nτ

σ2
w

. (16)

Equations (14) and (16) yield:

SNRcom = ηSNRrad = ηBτSNRav. (17)

This indicates that the SNR of the communication signals is
proportional to the power ratio η over the SNR of the radar
signal.

2.5 Statistical Analysis for Estimating the PAPR

As discussed above, the envelope of the proposed wave-
form fluctuates within a pulse, depending on the embedded
communication symbols, and its PAPR affects the SNR of
the radar signal and, as a result, its detection performance.
Therefore, the possible PAPR should be evaluated in the
waveform design, which can be performed through the fol-
lowing statistical analysis.

Without loss of generality in discussing the PAPR, it
can be postulated that the average transmitting power Pt,av =

1, that is,

Pt,av =

Nc−1∑
n=0

|an|
2 = 1 (18)

Factoring (18), the transmitting baseband signal can be also
expressed as:

x(t)= Ae jθ(t)−A
∑

fn∈{ fcom}

bne j2π fnt+
∑

fn∈{ fcom}

cne j 2π(m−1)
M e j2π fnt,

(19)

where the first term on the right-hand side corresponds to the
original LFM pulse with the normalizing amplitude A and
phase θ, the second term corresponds to the original subcar-
rier components with amplitude bn (which are replaced with
communication symbols), and the last term is the communi-
cation subcarriers with amplitude cn. Because cn is constant
across all the communication subcarriers, (19) can be rear-
ranged as:

x(t) = e jθ(t)

A − A
∑

f∈{ fcom}

|bn| e jφn + cn

∑
fn∈{ fcom}

e jψn


= e jθ(t)


A − A

∑
fn∈{ fcom}

|bn| cos φn + cn

∑
fn∈{ fcom}

cosψn


+ j

A
∑

fn∈{ fcom}

|bn| sin φn + cn

∑
fn∈{ fcom}

sinψn


 (20)

where phases φn and ψn are introduced anew for the sec-
ond and third terms in (19). Considering that all φn and ψn
can be assumed to be random and uncorrelated with each
other, the real and imaginary parts of (20) asymptotically
become Gaussian random variables according to the central
limit theorem. The means of the real and imaginary parts of
(20) are A and 0, respectively, and the variance of each is
given by:

σ2 =
1
2

c2
nNcom+

1
2

A2
∑

fn∈{ fcom}

|bn|
2 =

1
2
ηNcom+

1
2

A2
∑

fn∈{ fcom}

|bn|
2 .

(21)

Thus, the signal power, χ = |x(t)|2 > 0, becomes a non-
central chi-square random variable with 0-th degrees of free-
dom [66], and the probability density function is given by:

p(χ) =
1

2σ2 e−
A2+χ

2σ2 I0

(
A
√
χ

σ2

)
, (22)

where I0(−) is a modified Bessel function of the order of
0. The average transmitting power Pt,av in a pulse can be
approximated as the expectation of χ, which is given by:

E[χ] = 2σ2 + A2 ≈ Pt,av = 1. (23)

Substituting (21) into (23) yields:

A2 =
1 − ηNcom

1 +
∑

fn∈{ fcom}

∣∣∣b2
n

∣∣∣ . (24)

According to (24), the parameter A, which corresponds to
the amplitude of the original LFM pulse, can be obtained
from the average power of the communication subcarriers
before and after being replaced with communication sym-
bols.
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From (22), the probability for χ < χp can be given by:

P
[
χ < χp

]
=

∫ χp

0
p(χ)dχ = 1 − Q1

(
A
σ
,

√
χp

σ

)
, (25)

where Q1(−) is the Marcum Q function, which is defined
by:

Q1(α, γ) =

∫ ∞

γ

t exp
[
−

1
2

(
t2 + α2

)]
I0(αt)dt. (26)

Equation (26) provides the probability of χ < χp at a sam-
pling point within a pulse. Therefore, the probability for
χ < χp at all sampling points within a pulse becomes:

P
[
χ < χp; 0 ≤ t ≤ τ

]
=

{
1 − Q1

(
A
σ
,

√
χp

σ

)}Nc

. (27)

Because Pt,av = 1, (27) corresponds to the cumulative prob-
ability distribution (CDF) of the PAPR. Referring to the
PAPR as γ, the CDF of the PAPR can be rearranged as:

F(γ) =

{
1 − Q1

(
A
σ
,

√
γ

σ

)}Nc

. (28)

Because (28) includes the Marcum Q function, it is conve-
nient to derive a simplified formula. According to Appendix
A, the upper bound for the CDF of the PAPR can be approx-
imated as:

F(γ) =

1 −
σ

√
2π

(√
γ − A

)e−
(√γ−A)2

2σ2


Nc

. (29)

2.6 Demodulation of Communication Messages in Asyn-
chronous Receivers

Figure 3 also shows the demodulation process to detect radar
signals, but this does not apply to the demodulation of com-
munication symbols because, in general wireless commu-
nication, the receiver is usually not synchronized with the
transmitter. In addition, in order to accurately detect the
communication symbols assigned to communication sub-
carriers, it is necessary to compensate for the Doppler fre-
quency and phase shift that are added through the propaga-
tion path. Herein, a demodulation process is proposed for
detecting communication symbols using an asynchronous
receiver.

Figure 5 shows a block diagram of the proposed de-
modulation process, assuming the following conditions:

• Specification of the original LFM pulse is known at the
receiver.

• The subcarrier frequencies at which the communica-
tion symbols are assigned are known at the receiver.

• The distance between the transmitter and receiver is un-
known and shall be estimated at the receiver.

• The Doppler frequency and phase shift through the
propagation path are unknown and shall be estimated

Fig. 5 Block diagram for the demodulation of communication symbols
in an asynchronous receiver.

at the receiver.
• Time is not synchronized between the transmitter and

receiver.
• The sampling frequency is approximately synchro-

nized between the transmitter and receiver.
• The propagation channel is not dependent on the fre-

quency.

A feature of the proposed demodulation is to apply
radar signal processing to estimate the Doppler frequency
and delay time between the transmitter and the receiver,
which results in an accurate estimation, as discussed in Ap-
pendices B and C. The theory of the proposed demodulation
is described below.

Initially, consider that the original LFM pulse is trans-
mitted, which can be expressed in the baseband as:

x(t) = h
( t
τ

)
e jπβt2/τ. (30)

The received signal corresponding to (30) can be expressed
in the baseband as:

y(t) = αh
( t − T

τ

)
e− j2π fcT e j2π fd(t−T )e jπβ(t−T )2/τ, (31)

where α is a complex propagation factor that includes path
loss. T is the propagation delay time between the transmitter
and receiver. fd is the Doppler frequency due to the relative
speed between the transmitter and receiver. Note that t and
T in (31) are estimated by the receiver clock, which is not
necessarily synchronized with that of the transmitter.

In the proposed demodulation process, as shown in
Fig. 5, the original LFM pulse is employed as the reference
signal of matched filtering Therefore, the output signal after
matched filtering can be expressed as:

z(t) = αe− j2π fcT e jπ fd(t−T )e jπβ(r−T )

× τ

{
1 −
|t − T
τ

} sin
[
π { fdτ + β(t − T )}

{
1 −
|t − T
τ

}]
π { fdτ + β(t − T )}

{
1 −
|t − T
τ

} .

(32)

As shown in Fig. 5, T and fd are estimated after performing
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the matched filter, Doppler signal processing (FFT) in slow
time, and CFAR detection. If the Doppler frequency is com-
pletely compensated by the estimated fd, the output signal
after the matched filtering at T becomes:

z(T ) = ατe− j2π fcT . (33)

This implies that the signal after ideal matched filtering
involves all the effects (added through the propagation
path) of the transmitting signal. However, this feature is
not preserved when transmitting our proposed signal (in
which communication symbols are embedded) because ev-
ery transmitting signal is different from the reference sig-
nal and, consequently, the matched filter is not ideal in real-
ity. Hence, such signal processing has been referred to as a
“quasi-matched filter” in Fig. 5. However, it can be assumed
that the feature of (33) will be maintained to some extent be-
cause the communication subcarriers are outside the modu-
lation bandwidth β which is a significant part of the original
LFM pulse, and their power would be minor enough if bt
of the original LFM pulse is sufficiently large [61]. Never-
theless, the deviation from the ideal output (33) should be
evaluated in advance. Section 3.8 examines the deviation in
detail through numerical simulations.

In addition, the quasi-matched filter output fluctuates
per pulse, depending on the embedded communication sym-
bols. This may degrade the Doppler signal processing for
estimating the Doppler frequency, which should also be
evaluated in advance. Section 3.8 also examines the Doppler
signal processing in detail through numerical simulations.

Next, we discuss how to extract the communication
symbols using the matched filter output (33) with the as-
sumption that the “quasi-matched filter” is approximately
ideal. The received signal due to our proposed waveform is
given by (10) and the baseband signal after compensating
for the Doppler frequency can be expressed as:

y(t) = αe− j2πT h
( t − T

τ

) Nc−1∑
n=0

ane j2π fn(t−T ). (34)

As shown in Fig. 5, the proposed demodulation process per-
forms a Fourier transform on (34) at t = T and divides its
output by (33), which yields:

1
z(T )

∫ ∞

−∞

y(t)e− j2π fn′ (t−T )dt =
an′

τ
. (35)

Finally, a complex symbol an′ at frequency fn′ can be ob-
tained. If fn′ is a communication subcarrier, then a commu-
nication symbol can be extracted.

2.7 Design Guideline for Communication Subcarrier
Power

The parameter η in (8) should be determined, based on the
link budgets for both radar and communication systems.

The link budget for a radar system is derived using the
radar equation [62], and the received power is given by:

Pr,rad =
PtGt,radGr,radσλ

2
c

(4π)3R4 , (36)

where Pt is the transmitting power, Gt,rad and Gr,rad are the
transmitting and receiving antenna gains, respectively, in the
target direction, R is the distance from the transmitter to the
target, σ is the radar cross section (RCS) of the target, and
λc is the wavelength at the carrier frequency fc.

On the other hand, the link budget for a wireless com-
munication system is derived by using the Friis transmission
formula [62], and the received power is given by:

Pr,com =
PtGt,comGr,comλ

2
c

(4πR)2 , (37)

where Gt,com is the transmitting antenna gain in the receiver
direction which may differ from that of the radar target.
Gr,com is the receiving antenna gain. R in (37) is the distance
from the transmitter to the communication receiver. It is as-
sumed in (36) and (37) that the maximum range (distance)
in radar use is the same as that in communication use.

In the proposed waveform, the SNR of the radar signal
is related to that of the communication signals with (8). If
the power ratio η is designed as:

ηb =
Gt,radGr,radσ

4πR2Gt,comGr,com
, (38)

both SNRs would be equal. Generally speaking, the SNR re-
quired for radar is not necessarily equal to that required for
wireless communication. The SNR required for radar de-
pends on the false alarm rate (PFA) and probability of detec-
tion (PD), and the SNR required for wireless communication
depends on the accepted symbol error rate (SER). For exam-
ple, the SNR required for radar in Swerling case 0 is 10.4 dB
for typical PD = 0.5 and PFA = 10−5. On the other hand, the
SNR required for wireless communication in BPSK modu-
lation is 9.6 dB for typical SER = 10−5. These SNRs are
not so different from each other. That means that (38) can
provide a guideline for the required power ratio η.

Figure 6 shows a typical example of η given by (38). In

Fig. 6 Typical example of the required power ratio η.
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this case, the transmitting/receiving antenna for radar is sup-
posed to be a high-gain antenna with gain Gt,rad = Gr,rad =

35 dBi. The target RCS is assumed to be 20 m2, which cor-
responds to that of medium-sized jet aircraft. The com-
munication receivers are assumed to be located across the
sidelobes of the transmitting antenna pattern with gain of
Gt,com = 5 dBi, which corresponds to a relative sidelobe
level of −30 dB. The receiving antennas of the communi-
cation receivers are assumed to be omnidirectional antennas
with gain of Gr,com = 0 dBi.

According to Fig. 6, at long range, the required power
ratio η becomes quite low. Therefore, in general, the power
ratio η would be small enough. In the numerical simulations
in the next section, it is postulated that η = −14, −20, and
−26 dB.

3. Numerical Simulations

Numerical simulations of signal detection were performed
to examine the proposed waveform for both radar and com-
munication usage.

3.1 Simulation Conditions

Table 1 lists the simulation conditions. Every parameter in
Table 1 is normalized by the sampling time Ts or the sam-
pling frequency fs. In the following studies, all results are
represented with these normalized parameters. However, for
better understanding, numerical examples are also added to
Table 1. It can be seen that the simulations have assumed
quite large Doppler frequency, that is, fast-moving targets.

In the simulations, random bit sequences were gener-
ated as communication messages, and coded symbols were
assigned to the communication subcarriers of each transmit-
ting waveform. The radar signals were detected through the
cell-averaging CFAR (CA-CFAR) process in the range do-
main after matched filtering. The FFT in slow time was not
included in the simulations to examine the intrinsic char-
acteristics of the proposed waveform. The communication
signals were detected based on the demodulation process de-
scribed in Sect. 2.6.

3.2 Embedding Communication Symbols

Figure 7 shows the transmitted signal spectra before and af-
ter embedding the communication symbols. In the figure,
the abscissa represents the frequency normalized by the sub-
carrier interval ∆ f . The frequency band from 0 to 16 ∆ f
corresponds to the modulation bandwidth β. The number
of communication subcarriers in this case is four, and com-
munication symbols are assigned at both sidebands of the
modulation, that is, 17 ∆ f , 18 ∆ f , 30 ∆ f , and 31 ∆ f , fac-
toring frequency aliasing. In addition, the peak amplitude
of each signal is normalized to 1, that is, 0 dB in the time
domain, as shown in Sect. 3.3.

Table 1 Simulation conditions.

Fig. 7 Transmitting signal spectra before and after embedding commu-
nication symbols.

3.3 Transmitting Signals in the Time Domain

Figures 8(a), (b), and (c) show the envelopes of the trans-
mitting signals in the time domain, which correspond to all
combinations of the communication symbols, the number
of which is 24 = 16 for BPSK. In the figures, the abscissa
is the time normalized by the sampling interval Ts and the
ordinate is the amplitude normalized by the maximum am-
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Fig. 8 Envelope of the transmitting signal in the time domain.

plitude among all signals.
In addition, the envelope of the original LFM pulse is

depicted by a bold black line.
As shown in Fig. 8, the envelopes of the proposed

waveform fluctuate within the pulse, and the PAPR in-
creases as the power ratio η; that is, the communication sub-
carrier power becomes large, as discussed in Sect. 2.4.

3.4 PAPR Distribution

Figures 9(a), (b), and (c) show the CDFs of the PAPR in
the transmitting signals compared with the theoretical pre-
dictions. Each communication subcarrier is modulated by
BPSK or QPSK in these simulations. The theoretical pre-
dictions are provided by (28) and (29), which, respectively,
are referred to as “Theory” and “Approximate Theory” in
the figures.

It is interesting that, according to Fig. 9, the CDF is not
greatly dependent on modulation schemes (BPSK/QPSK)
even though QPSK is more random in terms of phase than
BPSK. These numerical results imply that the phases φn and
ψn in (20) are approximately random regardless of the mod-
ulation schemes for communication subcarriers, as assumed
in Sect. 2.5. This is because these phases consist of multi-
ple factors, such as the PSK, LFM, and subcarrier phases,
which cause their randomness.

In addition, the numerical results were in good agree-
ment with the theoretical predictions based on (28) or (29).
In conclusion, these theories can be employed to estimate
the PAPR in the proposed waveform.

3.5 Ambiguity Functions

The ambiguity function of the proposed waveform can be
defined as an LFM pulse [61], which is given by:

Â (t, fd) ≡
∫ ∞

−∞

x(s)e j2π fd sx ∗ (s − t)ds. (39)

Actually, because the proposed waveform is a multi-carrier
signal expressed by (1), the integral in (39) should be re-
placed with the summation.

The ambiguity function of the original LFM pulse be-
fore embedding the communication symbols is illustrated in
Fig. 10. In the figure, the abscissa is the Doppler mismatch
normalized by the subcarrier interval ∆ f , and the ordinate
is the delay time normalized by the pulse width τ. The con-
tour map is normalized and depicted in dB. As shown in
Fig. 10, the ambiguity function of the LFM pulse is skewed,
which is well known as range-Doppler coupling, leading to
the Doppler tolerance of the LFM pulse.

Figures 11(a), (b), and (c) show the ambiguity func-
tions of the proposed waveform. In the proposed waveform,
the ambiguity function is not uniquely determined because it
depends on the embedded communication symbols. There-
fore, each image in Fig. 11 is a typical ambiguity function
corresponding to the waveform with the maximum PAPR in
Fig. 8. Nevertheless, as can be seen, every ambiguity func-
tion is skewed as well as the original LFM pulse, and the
range-Doppler coupling is also maintained to some extent.

However, the amplitude tends to decrease in compari-
son with the original LFM pulse as the Doppler mismatch
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Fig. 9 CDF of the PAPR in the proposed waveform.

or communication subcarrier power increases. This would
reduce the probability of detection. The probability of radar
signal detection is examined in Sects. 3.6 and 3.7. In addi-

Fig. 10 Ambiguity function of the original LFM pulse.

Table 2 Average SNR for PD = 0.5 (Static targets, fd = 0).

tion, the sidelobe characteristic deteriorates as the commu-
nication subcarrier power increases. Reducing the sidelobes
will be focused on in future work.

3.6 Radar Signal Detection Performance for Static Targets

Figure 12 shows the probability of radar signal detection for
static targets by CA-CFAR process in the range domain. In
the figure, the abscissa represents the average SNR before
matched filtering. The probability of detection due to the
original LFM pulse is also plotted for reference, which is
theoretically given for Swerling case 0 by [61]:

PD = Q1

( √
2SNRrad,

√
−2 ln PFA

)
, (40)

where Q1(−) is the Marcum Q function defined by (26),
SNRrad is the SNR for the radar signal given by (14), PFA
is the false alarm rate. The SNRs required for PD = 0.5 are
summarized in Table 2. According to the figure and table,
the numerical results were in good agreement with those of
the original LFM. However, the average SNR of the pro-
posed waveform is not necessarily equal to that of the origi-
nal LFM pulse, as discussed in Sect. 2.4. If the transmitting
peak power is set to equal that of the original LFM pulse, the
SNR of the proposed waveform would be reduced according
to (15).

3.7 Radar Signal Detection Performance for Fast-Moving
Targets

When there is a Doppler mismatch corresponding to a mov-
ing target, the peak of the matched filter output will be
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Fig. 11 Typical ambiguity functions of the proposed waveform.

Fig. 12 Probability of radar signal detection for static targets.

shifted in the time dimension due to the range-Doppler cou-
pling, as shown in Fig. 11, the time shift of which is theoret-
ically predicted by [61]:

t = −
τ fd
β
. (41)

Thus, the probability of detection was evaluated at the
shifted time in both the theory and numerical simulations.
In theory, the SNR at the shifted time is reduced to:

SNR′rad =

(
1 −

∣∣∣∣∣ fd
β

∣∣∣∣∣) SNRrad (42)

Thus, the probability of detection due to the original LFM
pulse must be evaluated with factoring (42).

Figure 13 shows the probability of radar signal detec-
tion for fast-moving targets with a Doppler frequency of
0.1 fs. Note that this Doppler frequency is equal to 3.2 ∆ f ,
that is, beyond the subcarrier interval. From Fig. 13, the
SNR required for PD = 0.5 is also summarized in Table 3.

According to Fig. 13 and Table 3, the proposed wave-
form requires a slightly higher SNR than the original LFM
pulse when detecting fast-moving targets. In addition, the
probability of detection is reduced as the power ratio η, i.e.,
the communication subcarrier power increases. However,
the performance degradation is not so severe that the sig-
nals can be detected to some extent. This means that the
proposed waveform has Doppler tolerance as well as the
original LFM pulse does. In practice, it is important to de-
sign the minimum power ratio η required for communica-
tion systems, the guidelines of which have been discussed
in Sect. 2.7. In our opinion, because the power ratio η is
small enough according to Sect. 2.7 the proposed waveform
could be sufficiently Doppler-tolerant to detect fast moving
targets as well as the LFM pulse can.

Next, the proposed waveform is compared in terms of
the Doppler-tolerance to a conventional LFM-based wave-
form [59], that is, phase-attached radar/communication
(PARC) waveform. In [59], continuous phase modulations
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Fig. 13 Probability of radar signal detection for fast-moving targets with
fd = 0.1 fs (= 3.2∆ f ).

Table 3 Average SNR for PD = 0.5 (Fast-moving targets, fd = 0.1 fs).

for communication messages are attached to an LFM pulse.
Figure 14 shows the probability of radar signal detec-

tion using the PARC and proposed waveforms, wherein fast-
moving targets with a Doppler frequency of 0.1 fs are as-
sumed to be detected. In the PARC waveform, 4 BPSK
modulations were attached to the original LFM pulse, which
is equal to the transmission rate in this study and corre-
sponds to the modulation index h = 1 in [59]. In the
case of the PARC waveform, the maximum probability of
radar signal detection is approximately 0.6 and the fast-
moving targets could not be detected exactly even if the
SNR is so high. The reason why the PARC waveform
is so less Doppler-tolerant is because it loses the range-
Doppler coupling. Figure 15 shows a typical ambiguity
function of the PARC waveform. Compared with the ambi-
guity functions of the proposed waveform shown in Fig. 11,
the range-Doppler coupling is not apparently maintained in
the PARC waveform. The range-Doppler coupling is due to
the quadratic phase distribution of the original LFM pulse.
However, adding some phase modulation within the LFM
pulse like the PARC waveform deviates the resultant phase
distribution from the quadratic one, which results in losing
the range-Doppler coupling. On the other hand, in the pro-
posed waveform, the range-Doppler coupling is maintained
to some extent. In conclusion, the proposed waveform is
more Doppler-tolerant than the PARC waveform.

3.8 Radar Signal Detection in Asynchronous Receivers

As discussed in Sect. 2.6, the quasi-matched filter in the

Fig. 14 Comparison of the probability of radar signal detection using the
PARC and proposed waveforms for fast-moving targets with fd = 0.1 fs.

Fig. 15 Typical ambiguity function of the PARC waveform.

asynchronous receivers is not ideal. Consequently, its out-
put slightly fluctuates pulse by pulse depending on the em-
bedded communication symbols, which may deteriorate not
only the communication signal detection via (35) but also
the radar signal detection which estimates the delay time T
and the Doppler frequency fd to be compensated. There-
fore, this section examines the performance of radar signal
detection in detail before demonstrating the detection of the
communication signal.

Figures 16(a) and (b) show the CDFs of the output de-
viations due to the quasi-matched filter in terms of the am-
plitude and phase, respectively. In the figures, the abscissa
represents the amplitude or phase deviation from the ideal
matched-filter output. In the simulations, a Doppler fre-
quency of 1.6 ∆ f is assumed for the received signals, which
corresponds to half of the radar target listed in Table 1. Ac-
cording to Figs. 16(a) and (b), the amplitude and phase de-
viations tend to increase as the power ratio η, that is, the
communication subcarrier power, increases. However, the
maximum amplitude and phase deviations from the ideal
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Fig. 16 CDF of the quasi-matched filter output deviation.

matched filter output are 1.1 dB and 3.0 deg. respectively.
Since these deviations are quite small in comparison with
the amplitude and phase variations due to the modulation
for each communication subcarrier, they would not so af-
fect communication signal detection. In other words, each
communication symbol can be approximately detected us-
ing (35), which is confirmed in Sect. 3.9.

The deviation ranges of the quasi-matched filter out-
put are 0.51 dB in amplitude and 5 deg. in phase. Even
though such deviation ranges are unlikely to seriously af-
fect the subsequent Doppler processing, its performance is
examined in detail.

Figure 17 shows the Doppler spectrum after FFT in
slow time. In the simulation, a Doppler frequency of 1.6 ∆ f
was again assumed for the received signals, and the num-
ber of received pulses in the slow time was 64. To precisely
evaluate our proposed scheme, the receiving noise was not
considered. The abscissa of Fig. 17 is the Doppler frequency
normalized by the frequency resolution, which is given by:

Fig. 17 Doppler spectrum after FFT in slow time.

∆ fd =
PRF
Np

, (43)

where PRF is the pulse repetition frequency that equals the
inverse of PRI listed in Table 1 and Np is the number of
received pulses in the slow time. Note that the assumed
Doppler frequency is much greater than the PRF and, there-
fore, Fig. 17 depicts the ambiguous response of the assumed
Doppler frequency.

As shown in Fig. 17, the frequency response is good
enough to estimate the Doppler frequency as well as with the
original LFM pulse, even though the sidelobe characteristics
fluctuate slightly.

3.9 Performance of Communication Signal Detection in
Asynchronous Receivers

Figures 18(a), (b), and (c) show the SERs obtained through
the proposed demodulation process. The abscissa in each
figure represents the average SNR before FFT. The theoret-
ical predictions of the SER for BPSK in an AWGN channel
are also plotted for reference, which is given by [66]:

Pe = Q
( √

2SNRcom

)
, (44)

where SNRcom is the SNR of the communication signals
given by (17) and Q(−) is the Q function, which is defined
by:

Q(x) =
1
√

2π

∫ ∞

x
e−

t2
2 dt. (45)

As these figures show, the simulation results are in good
agreement with the theoretical predictions for a higher SNR,
but not for a lower SNR, especially for an average SNR <
0 dB. This is because the quasi-matched filter output in-
volves significant noise in the case of a lower SNR and, as
a result, it cannot exactly estimate the propagation channel
(33) to be compensated. Consequently, the complex sym-
bol for each communication subcarrier cannot be estimated
at all via (35) regardless of the power ratio η, as shown in
Figs. 18(a) to 18(c). Nevertheless, it can be concluded that
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Fig. 18 Doppler spectrum after FFT in slow time.

the demodulation process was effective in the case of higher
SNR.

3.10 Discussion on the Tradeoff between Radar and Com-
munication Performances

Section 3.7 has demonstrated that the proposed waveform
is sufficiently Doppler-tolerant. Furthermore, according to
Sect. 2.3, the proposed waveform is capable of increasing
the transmission rate in communication use by assigning
more communication subcarriers. Nevertheless, there is a
trade-off between the Doppler tolerance and the transmis-
sion rate. In order to make it clear, this section examines the
radar performance when doubling the transmission rate, that
is, the number of communication subcarriers from 4 to 8.

Here, there would be two ways to double the transmis-
sion rate. One is to assign 4 extra communication subcar-
riers outside the radar modulation bandwidth β if it is pos-
sible to accommodate them within a guard band or regula-
tion band, which is referred to as “Out-Band” herein. The
other is to assign 4 extra communication subcarriers inside
the radar modulation bandwidth, which is referred to as “In-
and Out-Band” herein. In the case of “Out-Band”, the com-
munication subcarriers were assigned at the 19th, 20th, 28th,
and 29th subcarriers in addition to the 17th, 18th, 30th, and
31st subcarriers in Fig. 7. On the other hand, in the case of
“In- and Out-Band”, communication subcarriers were added
at the 0th, 1st, 15th, and 16th subcarriers.

Figure 19 shows the probability of radar signal detec-
tion when doubling the number of communication subcar-
riers with η = −20 dB, wherein fast-moving targets with a
Doppler frequency of 0.1 fs are assumed to be detected. As
can be seen, a slightly higher SNR is needed in any case of
8 subcarriers compared to that of 4 subcarriers. That means
that the proposed waveform becomes less Doppler-tolerant
when increasing communication subcarriers. In addition,
Fig. 19 also shows the probability of detection in the case

Fig. 19 The probability of radar signal detection for fast-moving targets
with fd = 0.1 fs when doubling the number of communication subcarriers
(η = −20 dB).
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that all the communication subcarriers are assigned inside
the radar modulation bandwidth, which is referred to as “In-
Band”. From these results, it is concluded that the proposed
waveform becomes less Doppler-tolerant when assigning
more communication subcarriers inside the radar modula-
tion bandwidth. Therefore, it is necessary to maintain the
range-Doppler coupling of the original LFM as much as
possible in order to be Doppler-tolerant, as discussed in
Sect. 3.7. That can be also predicted by analyzing the ambi-
guity function as shown in Appendix D.

In practice, it is important to design the number of com-
munication subcarriers, balancing the Doppler tolerance and
the transmission rate.

4. Conclusions

This study has proposed a Doppler-tolerant waveform and a
modulation/demodulation scheme for joint radar and com-
munication systems. In the proposed waveform, communi-
cation symbols are embedded in the sideband of an LFM
pulse based on the OFDM scheme. The numerical simu-
lations have successfully demonstrated that our waveform
is sufficiently Doppler-tolerant to detect fast-moving targets
such as aircraft, and the modulation/demodulation scheme
was effective for joint radar and communication systems.

In addition, we have discussed the trade-off between
the Doppler tolerance and the transmission rate in the pro-
posed waveform and clarified that it is important in practice
to balance the Doppler tolerance and the transmission rate
to be needed.

However, the proposed waveform has two disadvan-
tages to be solved in the future. One is that the waveform’s
envelope within a pulse is not constant. This implies that
the proposed waveform reduces the SNR of the radar sig-
nal in comparison with an LFM pulse if the transmitting
peak powers are equal. Therefore, the PAPR should be re-
duced with some approaches, such as those of [67]–[69].
The other disadvantage is that the transmitted signals fluc-
tuate per pulse, depending on the embedded communication
symbols. This causes the range sidelobes to fluctuate per
pulse. Therefore, the range sidelobes should be equalized
with some approach like [50], [70] to suppress clutter using
conventional techniques such as a moving target indicator.
These disadvantages will be addressed in future studies.
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Appendix A: Approximate PAPR Distribution

Based on the discussion in Sect. 2.7, the communication
subcarrier power would be minor compared with the total
power, and (21) would also be small. In this case, the mod-
ified Bessel function of the 0-th order can be approximated
as in [66]:

I0(x) ≈
ex

√
2πx

(x � 1). (A· 1)

Substituting (A· 1) into (22) yields:

p(χ) ≈
1

2
√

2πσ

(
Aχ

1
2

)− 1
2 e−

(√χ−A)2

2σ2 . (A· 2)

Because the PAPR discussion addresses the case of χ � A2,
the lower bound of (A· 2) becomes:

p(χ) >
1

2
√

2πσ
χ−

1
2 e−

(√χ−A)2

2σ2 . (A· 3)

From (A· 3), the upper bound of the probability for χ < χp
at a sampling point is given by:

P
[
χ < χp

]
< 1 −

∫ ∞
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2
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2πσ
χ−

1
2 e−
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σ

)
.

(A· 4)

Because χ � A2 and σ � 1, the Q function in (A· 4) can be
approximated as [66]:

Q(x) ≈
1

x
√

2π
e−

x2
2 (x � 1). (A· 5)

Substituting (A· 5) into (A· 4) yields:

P
[
χ < χp

]
< 1 −

σ
√

2π
(√
χp − A

)e−
(√χp−A)2

2σ2 . (A· 6)

Finally, the upper bound for the CDF of the PAPR can be
obtained as (29).

Appendix B: Discussion on the Accuracy of the Esti-
mated Doppler Frequency

To extract the communication symbols in asynchronous re-
ceivers, the Doppler frequency must be accurately estimated
and compensated. Here, we theoretically investigate the ac-
curacy of the estimated Doppler frequency.

The frequency resolution ∆ fd in the Doppler spectrum
is given by (43), which can be rearranged by introducing the
transmit duty factor δ as [61]:

∆ fd =
δ

Npτ
=

δ

Np
∆ f � ∆ f . (A· 7)

That is, the frequency resolution is significantly smaller than
the subcarrier interval ∆ f .

Moreover, the Cramer-Rao lower bound (CRLB) gives
the lower bound of the variance of the estimated Doppler
frequency as [61]:

σ2
fd ≥

6(∆ fd)2

(2π)2NpSNRrad
, (A· 8)

where SNRrad is given by (14) or (15). According to
(17), SNRrad is much larger than SNRcom. Since SNRcom in
communication receivers should be large enough to detect
the communication symbols, SNRrad in communication re-
ceivers should be huge. As a result, we can conclude that:

σ2
fd � (∆ fd)2 � (∆ f )2. (A· 9)

According to (A· 9), the estimated Doppler frequency in
communication receivers is expected to be accurate, which
is significantly less than the frequency resolution and the
subcarrier interval.

Appendix C: Discussion on the Accuracy of the Esti-
mated Delay Time

To extract the communication symbols in asynchronous re-
ceivers, the delay time must also be accurately estimated
and compensated. Here, we theoretically investigate the ac-
curacy of the estimated delay time.

The major error factors for the estimated delay time are
the range-Doppler coupling and noise. The first factor is in-
evitable in our waveform. According to (41), the accuracy
of the estimated delay time due to range-Doppler coupling
is dependent on the accuracy of the estimated Doppler fre-
quency. As discussed in Appendix B, the accuracy of the
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estimated Doppler frequency depends on the frequency res-
olution of the Doppler spectrum. Therefore, the error of the
estimated delay time due to range-Doppler coupling can be
quantified as:

∆t =
τ∆ fd
β

=
∆ fd
β∆ f

. (A· 10)

Considering (A· 7), therefore, it can be concluded that:

∆t �
1
β
. (A· 11)

Because the right-hand side of (A· 11) is the range reso-
lution, the error in the estimated delay time due to range-
Doppler coupling is much smaller than the range resolution.

Next, the second error factor, i.e., noise is considered.
The CRLB also gives the lower bound of the variance of the
estimated delay time as [61]:

σ2
∆t ≥

1
8π2SNRradB2

rms
, (A· 12)

where Brms is the root-mean-square value of the bandwidth.
In the LFM pulse, Brms is given by [61]:

Brms =
β
√

12
. (A· 13)

Substituting (A· 13) into (A· 12) yields:

σ2
∆t ≥

3
2π2SNRradβ2 . (A· 14)

Because SNRrad in communication receivers is sufficiently
large to detect the radar signal, it can be concluded that:

σ2
∆t �

1
β2 . (A· 15)

This means that the variance of the estimated delay time is
also notably smaller than the range resolution. In conclu-
sion, the delay time estimation is expected to be accurate
and significantly less than the range resolution.

Appendix D: Ambiguity Functions of the Proposed
Wave form with 8 Communication Sub-
carriers

Figures A· 1(a), A· 1(b), and A· 1(c) show typical ambigu-
ity functions of the proposed waveform with 8 communica-
tion subcarriers of η = −20 dB. As can be seen, the range-
Doppler coupling deteriorates gradually as more communi-
cation subcarriers are assigned inside the radar modulation
bandwidth.

Fig. A· 1 Typical ambiguity functions of the proposed waveform with 8
communication subcarriers of η = −20 dB.
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