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SUMMARY In this paper, we propose the transient analysis technique
to analyze the multilayered dispersive media by using a combination of fast
inversion Laplace transform (FILT) and the continued fraction expanded
methods. Numerical results are given by the reflection response, inside-
time response waveforms, and electric field distributions of the reflection
component. Further, we verify the calculation accuracy of FILT method for
the two types using a convergence test.
key words: FILT, CFEM, multilayered dispersive media structure, time
response

1. Introduction

In recent years, sustainability measures for aging infrastruc-
ture facilities have become important for realizing sustain-
able development goals [1]. One example is the occurrence
of road subsidence accidents because of the leakage of pol-
lutants attributed to the cracks and deterioration of buried
pipes in underground structures in urban areas. Early detec-
tion through periodic inspection and maintenance is essential
for preventing such accidents; however, the former is time
consuming and labor intensive, and therefore, nondestruc-
tive investigations [2], [3] are required for maintenance and
exploration.

Ground-penetrating radar (GPR) [4], [5], which uses
an electromagnetic wave, has recently attracted considerable
research attention as a method for geological, land mine, and
archaeological site surveys, and it can be applied to over-
come the environmental problems. In the previous studies,
the pulse response of structures was analyzed using square or
slanted cavities in a dispersive medium by combining the fast
inverse Laplace transform (FILT) [6]–[8], Fourier series ex-
pansion method (FSEM) [9], and multilayer division method
(MDM) [9]. The effects of these cavities on the reflection
response waveforms were investigated [9].

In numerical technique for previous paper [9], it has
been analyzed the multiple matrix product for multilayer
media by using MDM. However, there were unstable prob-
lem when the number of layers increased. The continued
fraction expanded method (CFEM) [10]–[13] was used to
analyze multilayered structures for resolving this problem.
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CFEM was also applied for determining the electromag-
netic wave reflection properties of layered media, and the
obtained properties were analyzed and compared with those
of the matrix method (MM) in homogeneous media.

In this study, we propose a transient analysis technique
that combines FILT and CFEM for analyzing multilayered
dispersive media [14]. The numerical results were obtained
using the time response, internal time response waveforms,
and electric field distribution [15] of the reflection compo-
nent. Moreover, we verify the calculation accuracy of the two
types of FILT methods, namely, (PFILT) and Cesaro FILT
(the so-called CFILT method) [7], [16], using a convergence
test.

2. Method of Analysis

Figure 1 shows the multilayered dispersive media considered
in this study. The structure shown in Fig. 1 comprises L
layers of dispersive media (complex permittivity εl) with
uniform thickness dα (α = 1 ∼ L) in the x-direction for
each region. The permeability was assumed to be µ0 in all
regions, and the waveform of the incident pulse at x = 0 was
assumed to be a sine pulse in the time domain. It can be
expressed as [12], [13]

E (i)
0 (t) = [u(t) − u(t − tw)] sin{2πt/tw}, (1)

where tw (:= 1/ f0, f0: center frequency) denotes the pulse
width and u(t) represents a unit step function. The image
function E (i)

0 (s) for the complex frequency domain is ex-
pressed as

Fig. 1 Structure and coordinate system for multilayered dispersive media
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E (i)
0 (s) = (2π/tw)

s2 + (2π/tw)2
(1 − e−stw ). (2)

The electromagnetic field in each region can be expressed
by

E (l)
z (s, x) = Ale−kl x + Blekl x, (l = 0 ∼ L), (3)

H(l)
y (s, x) = 1

sµ0

∂Ez(s, x)
∂x

,

=
−kl
sµ0

(Ale−kl x − Blekl x), (4)

k0 ≜ s
√
ε0µ0 = s/c0, kl(s)(:= s

√
εlµ0),

where k0 and c0 represent the wave number in free space and
the speed of light, respectively; further, A0 = E (i)

0 (s), and
B0 = R(s).

Moreover, Al , Bl represent unknown coefficients deter-
mined from the boundary conditions and symbol l corre-
sponds to each region.

The dielectric constant of the dispersion medium εl(s)
is expressed as a Sellmeier trinomial and orientational po-
larization considering the water ratio, which includes the
soil.

εl(s)
ε0
≜ 1 +

3∑
m=1

Ω2
m,l

s2 + gm,ls + ω2
m,l

+
β2,l

1 + sβ1,l
. (5)

Substituting Eqs. (3) and (4) into the boundary conditions
(x = d(l)

t ) yields the relationship between the unknown co-
efficients Al , Bl for each layer as

x = d(l)
t : E (l)

z (s, x) = E (l+1)
z (s, x)

H(l)
y (s, x) = H(l+1)

y (s, x)

}
. (6)

Further, Eq. (6) can be expanded as

Ale−kld
(l)
t + Blekld

(l)
t = Al+1e−kl+1d

(l)
t + Bl+1ekl+1d

(l)
t , (7)

Ale−kld
(l)
t − Blekld

(l)
t = ql(l+1){Al+1e−kl+1d

(l)
t − Bl+1ekl+1d

(l)
t }.
(8)

The reflection coefficients are derived from Eqs. (7) and
(8) using the CFEM. We add Eqs. (7) and (8) to obtain

Ale−jkld
(l)
t = Pl(l+1){Al+1e−kl+1d

(l)
t + ηl(l+1)Bl+1ekl+1d

(l)
t }.

(9)

Considering the differences between Eqs. (7) and (8), we
obtain

Blekld
(l)
t = Pl(l+1){ηl(l+1)Al+1e−kl+1d

(l)
t + Bl+1ekl+1d

(l)
t }, (10)

where,

Pl(l+1) ≜
1 + ql(l+1)

2
, ql(l+1) ≜

µlk
(l+1)
x

µl+1k(l)x
=

1
q(l+1)l

,

ηl(l+1) ≜
1 − ql(l+1)
1 + ql(l+1)

= −η(l+1)l .

Thus, the relational equation for this ratio can be obtained as

Bl

Al
=

Pl(l+1){ηl(l+1)Al+1e−kld
(l)
t + Bl+1ekld

(l)
t }

Pl(l+1){Al+1e−kl+1d
(l)
t + ηl(l+1)Bl+1ekld

(l)
t }

e−2kld
(l)
t .

(11)

Equation (11) can be summarized to obtain the final equation
for the CFEM, which is

Bl

Al
=

e−2kld
(l)
t

ηl(l+1)
+

{1 − (1/ηl(l+1))2}−2(kl+kl+1)d(l)
t

(1/ηl(l+1))e−2kl+1d
(l)
t + (Bl+1/Al+1)

. (12)

The amplitude ratio (reflection coefficient) in the complex
frequency domain can be obtained numerically by substitut-
ing the unknown coefficient ratio Bl+1/Al+1 of denominator
into the second term in Eq. (12).

Therefore, the reflection coefficient R obtained using
CFEM was multiplied by Eq. (2) for numerically obtaining
the reflected electric field in the normalized time domain
using the FILT method as

E (r)
z (T) :=

1
2π j

∫ γ+j∞

γ−j∞
E (r)
z (S,X)eST dS,

=
ea

T

n∑
m=0

(−1)m Im[E (r)
z (S,X)], (13)

=
ea

T

n∑
m=0

Cκ(N,m)(−1)m Im[E (r)
z (S,X)], (14)

where,

X ≜ x/c0tw, T = t/tw, S ≜
a + j(m + 0.5)π

T
,

Cκ(N,m) ≜ N!(κ + N − m + 1)!
(κ + N)!(N − m + 1)! .

Equations (13) and (14) represent the PFILT and CFILT
methods, respectively. In addition, N , κ, S(:= stw),
T(:= t/tw), and X(:= x/(c0tw)) represent the truncation
mode number of the FILT method, number of terms in the
Cesaro summation [16], normalized complex frequency, nor-
malized time, and normalized coordinate, respectively.

3. Numerical Results

In the following analysis, the numerical calculations were
set as a = 4, N = 100, f0 = 1 GHz, L = 4, and normalized
thickness Dα(:= dα/(c0tw)) = 0.25. Further, we employed
complex dielectric constants ε1(s) and ε2(s) with a water
ratio of 5% and 10% for the dispersion medium in regions,
respectively.

Figure 2 shows the comparison of exact solution [14]
and CFEM by combined with PFILT method under the above
conditions. The results are in good agreement, thereby con-
firming the validity of the proposed method.

Figures 3 (a) and (b) show the reflection response wave-
forms for a comparison of PFILT and CFILT methods, re-
spectively. From in Fig. 3 (a), we can see clearly that the
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Fig. 2 Comparison of continued fraction expanded method and exact
solution

Fig. 3 Reflection response of PFILT and CFILT methods (L = 4)

amplitude of the time response becomes smaller in the range
of 0.5 ≤ T ≤ 1.0 and 4.0 ≤ T ≤ 6.0 when compared with
that for the PFILT and CFILT methods. The peak value tends
to become smaller with an increase in the value of parameter
κ. Figure 3 (b) show reflection response for magnified view
of 10 ≤ T ≤ 20 when we computed N = 50.

Figure 4 shows the convergence of the truncation mode
number with respect to the reflected electric field E (r)

z (T),
with a fixed T = 2.5, under the conditions of Fig. 2. From
Fig. 4, we can see the following feature: It can be ob-
tained that the relative error to the extrapolated true value

Fig. 4 Convergence of the truncation mode number 1/N

Fig. 5 Reflected electric field distribution for different observation points

in |E (r)
z (T)| is about 1.6% and 1% for PFILT and CFILT

methods, respectively, when N ≥ 100. In addition, the con-
vergence speed increases with an increase in parameter κ.

The internal reflected response waveform is analyzed
for investigating the physical phenomena of the reflection
response waveform obtained in Fig. 3. The reflected wave
component in Eq. (3) can be expressed as follows to effi-
ciently utilize the CFEM amplitude ratio for calculating the
internally reflected electric field.

E (α)
z (s, x)
Aα(s)

=
Bα(s)
Aα(s)

exp(kαx). (15)

Figure 5 shows the reflection response waveforms at the
midpoint (Xα = (2α − 1)dα/2, α = 1 ∼ 4) of the thickness
of each layer under the conditions shown in Fig. 3. In Fig. 5,
we can see that the internal response waveforms increase
in sequence with a change in observation points. This is
considered to be the reflected wave from each layer until the
rise time at the fourth layer, after which the amplitude of the
reflected wave from the conductor plate is considered to be
amplified by the reflected wave at each layer. And also, the
peak values of PFILT and CFILT methods are different in
the internal response at observation point of the fourth layer.
As this reason, we can understand that the number of terms
in the denominator of Cκ(N,m) in Eq. (14) is larger than that
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Fig. 6 Distribution of reflected electric field

of the numerator.
Finally, we analyze the reflected electric field distribu-

tion at T = 2.5 and 3.022 under the conditions as shown in
Fig. 5 for further investigating the above results. We com-
pared the PFILT and CFILT methods, and the spatial distri-
bution was normalized to the maximum value of the analysis
domain.

Figures 6 (a) and 6 (c) were observed that there is no
difference between the PFILT and CFILT results, which is
also observed in Figs. 6 (b) and 6 (d). We can see clearly
that reflections from the conductor plate are observed in
Figs. 6 (a) and 6 (c), and reflection waves in the fourth layer
propagate to the third layer in Figs. 6 (b) and 6 (d).

Consequently, Fig. 6 shows that, once normalized by the
maximum value, the difference in the peak value is irrelevant,
and similar results can be obtained for the PFILT and CFILT
methods in the distribution of the reflected electric field.

4. Conclusions

In this paper, we propose the transient analysis technique
to analyze the multilayered dispersive media by using the
combination of the FILT method and the CFEM. Numeri-
cal results are given by the reflection response, inside time
response waveforms, and the electric field distribution of re-
flection component. In addition, we verified the calculation
accuracy for FILT method of the two types from convergence
test.

As a result, we were able to obtain that it is possible
to analyze small truncation mode number of FILT method
combined with CFEM. In our proposed method, it is effective
and powerful, because of indicating same result those of
PFILT in distribution of reflected electric field.

We want to apply the CFILT combined with CFEM
method to multilayer structures with inhomogeneous distri-
butions. In the future, we will have investigated time re-
sponse analysis and electromagnetic field distributions with
above mentioned structure.
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