IEICE TRANS. FUNDAMENTALS, VOL.E107-A, NO.7 JULY 2024

1049

[LETTER

Two Classes of Optimal Ternary Cyclic Codes with Minimum

Distance Four*

Chao HE™, Xiaoqiong RAN'™, Nonmembers, and Rong LUO®), Member

SUMMARY  Cyclic codes are a subclass of linear codes and have appli-
cations in consumer electronics, data storage systems, and communication
systems as they have efficient encoding and decoding algorithms. Let C; )
denote the cyclic code with two nonzero @’ and a®, where a is a generator
of F3,,, . In this letter, we investigate the ternary cyclic codes with parame-
ters [3" — 1,3 — 1 — 2m, 4] based on some results proposed by Ding and
Helleseth in 2013. Two new classes of optimal ternary cyclic codes Ciz )
are presented by choosing the proper ¢ and e and determining the solutions
of certain equations over F3m .

key words: linear codes, ternary cyclic codes, optimal codes, sphere
packing bound

1. Introduction

Let p be a prime. An [n, k,d] linear code C over the finite
field F;, is a k-dimensional subspace of F}, with minimum
(Hamming) distance d, and is called cyclic if any cyclic shift
of a codeword is another codeword of C. By identifying
(co,c1y+++ ,en—1) € C with

Co+CIx+x>+ - +cpx" e Fplx]/(x" = 1),

any cyclic code C of length n over F), corresponds to an
ideal of polynomial residue class ring F,[x]/(x" — 1). Note
that every ideal of F,[x]/(x" — 1) is principal. Thus, any
cyclic code C can be expressed as C = (g(x)), where g(x) is
a monic polynomial with the least degree. The polynomial
g(x) is called the generator polynomial of C.

Cyclic codes are a subclass of linear codes and have
important applications in consumer electronics, data storage
systems, and communication systems as they have efficient
encoding and decoding algorithms compared with the linear
block codes [3]. They also have applications in cryptography
[4], [5] and sequence design [6]. Let o be a generator of
Fi. = Fam \ {0}, ma:(x) denote the minimal polynomial
of a' over F3, and Cls,e) be the class of cyclic codes over
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F5 with the generator mg:(x) and mgye(x) where 1 < e,f <
3™ — 1. Ding and Helleseth [7] constructed several classes
of optimal ternary cyclic codes C(; ) with parameters [3™ —
1,3 —1-2m,4] by using almost perfect nonlinear monomials
and some other monomials over F3~. Subsequently, many
classes of optimal ternary cyclic codes C(| ) with parameters
[3™ - 1,3™ — 1 — 2m, 4] were constructed successively [8]—
[22].

In this letter, we will present two new classes of optimal
ternary cyclic codes with parameters [3"* — 1,3 — 1 —2m, 4]
by analyzing the solutions of certain equations over F3m. It
will be shown that our results about the two classes of optimal
ternary cyclic codes are extensions of some previous results
[15].

This letter is organized as follows. Some useful lemmas
are given in Sect. 2. In Sect. 3, we presents an effective and
fast method to determine whether ternary cyclic codes C ()
with exponents (¢, e) = (3"'2—”, 3" +2.3%) are optimal. More-
over, we show that ternary cyclic codes C . are optimal for
i =0,1,2. Section 4 concludes the letter.

2. Preliminaries

The following lemmas will be frequently used throughout
the letter.

Lemma 1. ([7]) For any integer 1 < e < 3™ — 2. Let C,
be the 3-cyclotomic coset module 3™ — 1 containing e. The
length of C, is equal to m if gcd(e,3™ — 1) = 2.

Lemma 2. ([16]) Let t be even and e be odd with
ged(t,e,3™ — 1) = 1. Then the minimum distance of the
cyclic code Ci ¢) is no less than 3.

Lemma 3. ([1]) An irreducible polynomial over F,m of
degree n remains irreducible over F,m if and only if
ged(n,l) = 1.

Lemma 4. Let m be an odd integer and gcd(m,3) = 1. If h
is an integer such that 2h = 1 (mod m), then the equation
i i h
@ -e=1 (1
about & has no solution in Fsm fori =0,1,2.

Proof. Noting that ¢ = +1 and ¢ = 0 are not solutions of
(1). Suppose that ¢ € Fym \ Fj is the solution of (1). Then

1

63' :§3l _ ?

2
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Taking 3" powers on both sides of (2), we have

& = (e - ?)3 3)

Plugging (2) into (3), we have

£ = (gt;f

Noting that §32h = &3, since 2h = 1 (mod m). Then we have

S - -+ 1 =o. 4)

Ifi = 0, wehave £0+4&%—1 = (E3+E24+E+2)(E3+282+6+1) =
0, where &3 + &% + £ + 2 and &3 + 2&2 + £ + 1 are irreducible
over F3. For ged(m,3) = 1, according to Lemma 3, we know
that the equation £ + &* — 1 = 0 has no solution in F3m.
Therefore, in this case, we conclude that (1) has no solution

in F3m .
If i = 1, we have
(E -+ DE -+ 2+ 1) =0, Q)

where £9 — &2 + 1 and £ — &% + £% + 1 are irreducible over F3.
Nothing that gcd(m, 6) = 1, since m is odd and ged(m, 3) = 1.
By Lemma 3, £€6—¢2+1 and €6 —&%+£%+ 1 remain irreducible
over F3'. Therefore (5) has no solution in F3m. Therefore,in
this case, we conclude that (1) has no solution in F3m.

If i = 2, we have

@ - -+ =o. 6)

By Magma computation, the Eq. (6) can be decomposed into
the product of the irreducible factors as (&34 + &0 + £46 +
g44_§40+§_~38+§26_€;22+§20+§;]8+é_~l4_€_—6+€;4+
1)3(554 _550 _‘544 +§42 +§38 _532 +§;30 +é;28 +§;24 +§;22 _
520 +§18 +§16 _514 _é:lO +é‘;8 +é‘;6 _64 + 1)3 = 0. Since
m is odd and ged(3,m) = 1, ged(54,m) = 1. By Lemma 3,
we have that (6) has no solution in F3=. Therefore,in this
case,we conclude that (1) has no solution in Fzm. O

Lemma 5. Let h be an positive integer and m = 2h — 1.
Then

1) ged(3" +2,3m - 1) =1;
2) ged(3" 1 +2,3" 1) = 1ifh £ 3 (mod 5);
3) ged(3"2 42,3 — 1) = 1 if h # 27 (mod 53).

Proof. 1) By 3(3™ — 1) — (3" = 2)(3" + 2) = 1, we have
ged(3" +2,3" —1) = 1.

2) By 3" — 1) = (3" = 6)(3""! +2) = 11, we have
ged(3"1 +2,3m — 1) = ged(3" ! +2,11). Let h -1 =
S5k + j with k is some integer and j € {0,1,3,4}. Then
ged(3"14+2,11) = ged(33**+ +2,11) = ged(3/ +2,11) = 1.
Hence, ged(3"! +2,3" — 1) = 1if h £ 3 (mod 5).

3)By 3™ - 1) — (3" —2.3%)(3"72 + 2) = 107, then
ged(37724+2,3™ — 1) = ged(3"72 +2,107). It can be verified
that 3% = 1 (mod 107). Let h — 2 = 53k + j with k is
some integer and j € {0,---,24} U {26,---,52}. We have
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ged(3"72+2,107) = ged(3°3+7 +2,107) = ged(3/ +2,107).
Hence, ged(3"72+2,3"—1) = ged(3/+2,107) = Lif h # 27
(mod 53). O

3. Optimal Ternary Codes with Minimum Distance 4

In this section, we consider the ternary cyclic code C ),
whose exponents t, e is in the form of

m
1 .
t=32+ e=3"42.3 )

where 0 < h < m — 1,0 <i < his integers and m is odd.

Theorem 1. Let m > 1 be odd, gcd(h — i,m) = 1 and
t,e satisfying that (7). Then the ternary cyclic code C o)
has parameters [3™ — 1,3™ — 2m — 1,4] and is optimal if
ged(3"71 + 2,3 — 1) = 1 and the equation

-3 =1 8)
about A has no solution in Fym.

Proof. Note that ged(7,3™ — 1) = 2 since m is odd. Thus, by
Lemma 1, we can obtain |C;| = m. Similarly, |C.| = m since
ged(3" +2-31,3™ — 1) = ged(3" +2,3" — 1) = 1. Then,
it can be readily verified that C; N C, = @. This implies that
the dimension of C; ) is equal to 3" — 2m — 1.
We now prove that the minimum distance d is equal to
4. To this end, we need to show that C; ) has no codewords
of Hamming weight w € {1,2,3}. The cyclic code C ) has
a codeword of Hamming weight w if and only if there exist
€1,€2," ¢ € F; and w distinct elements x1,x2,- -+, X, €
I3, such that
{clx§ + Xy e+ ey, =0,
e e e (9)
C1x] + x5 + 1+ CoXg, = 0.

Since m is odd, we have gcd( 3m2+1,3’” — 1) = 2. Then we

can get ged(t,e,3™ — 1) = gcd(3mT+1,3h +2.3,3m 1) =
ged(2,3" +2-37) = 1. By Lemma 2, we deduce that the
minimum distance d of the cyclic code C; ) is no less than
3.

Next,we will show that w # 3. The cyclic code C,e)
has no codewords of Hamming weight w = 3 if and only
if (9) has no solution over Fsm for w = 3. Let x = ;‘—i and
y= ;—5, we have x,y # 0,1 and x # y. The Eq. (9) becomes

cax' +cy' +c3 =0,
c1x¢ + oy +c3=0.

Due to symmetry it is sufficient to consider the following
two cases.
Case A: ¢ = ¢ = ¢3 = 1. In this case, we have

{x’+y’+1=0,

10
x¢+y°+1=0. (10)
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Recall that r = %mz—” = 3’"T—1 +1. We have o = aif @
is a square in F},, and otherwise o’ = —a. We distinguish
among the following four subcases to prove that (10) cannot
hold for x,y (x # y) in F5,,,.

(D x, y are squares in IF;,,, . In this subcase, (10) becomes
x+y+1=0,
x¢+y+1=0.
which leads to
1 + y3h+2‘3i — (y + 1)3h+2‘3i' (11)
Notice that

)3”+2~3i _ y3”+2-3i _y3h+3i

(y+1 +y3h+y2'3i—y3i+1.

Then the Eq. (11) turns to
h i i
W -y -1 =0
It leads to
h—-i i i
W -y -n=0.

Then, we can get y>' ' = y or 3 = 1, which implies that
y € F3 = {0,1,—~1} since ged(h—i,m) = 1 and (3,3 — 1) =
1. Thus y = —1 since y # 0 and y # 1, we have x = 0. This
is a contradiction to the assumption that x # 0. Therefore,
w # 3.

(II) x is a square in F},, and y is a nonsquare in F;m.
Then (10) becomes

x—y+1=0,
x+y¢+1=0.
which leads to
(y _ 1)3h+2~3i + y3h+2‘3i + 1 — 0 (12)
Notice that
h 2l h 2l h i h 2l i
(y—1)3 +2:30 _ y3 +23 +y3 +3 +y3 _yzs —y3 _1
This together with (12) yields
h_n.ai h i i
v = -y ).
Seta = y~' + 1. Then we have
@ - =1 (13)

By the Egs. (8), (13) cannot hold for any a € F;,,. Therefore,
w # 3.

(II) x is a nonsquare in F%,, and y is a square inFy,, .
This case is similar to subcase (II). Therefore, w # 3.

(IV) x and y are nonsquares inF;,,. Then (10) becomes

-x-y+1=0,
x¢+y°+1=0.
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which leads to
(x — 1)3"+2-3" - 32 (14)

Notice that

h_n i honAi hqi h i i
T | ARC e N L I A

This together with (14) yields
o - -1 = -1
Set b = x + 1. Then we have
P -y =1. (15)

By the Eq.(8), the Eq.(15) cannot hold for any b € F;,,.
Therefore, w # 3.

Case B: ¢y = ¢; = 1 and ¢3 = —1. In this case, we have
T+y'—1=0,

{’2 7 (16)
x+y¢-1=0.

Note thattisevenand eisodd. Letx = —xand j = —y.
Then (16) becomes

d+p-1=0,
¥ +p¢+1=0.

The rest of the proof of this case is similar to Case A. We
omit the details here. Hence w # 3.

The discussion above shows that the C; ) does not have
a codeword of Hamming weight w € {1,2,3}. Hence d > 4.
On the other hand, according to the sphere packing bound
(see [2]), the minimum distance of any linear code of length
3™ — 1 and dimension 3" — 2m — 1 should be less than or
equal to 4. Hence d = 4. The proof is complete. O

Now we will present some new cyclic codes Cy,¢) in
the sequel by choosing different values of # and e. Let & be
a positive integer and m = 2h — 1. Then

ged(h —i,m) =1,i =0, 1.
If m £ 0 (mod 3), we have
ged(h —2,m) = 1.

Using Lemma 4, Lemma 5 and Theorem 1, we have the
following results.

Theorem 2. Let h > 1 be a positive integer, m = 2h — 1 and
t, e satisfying that (7). If m £ 0 (mod 3) and

1) i=0,or
2)i=1land h #£3 (mod 5), or
3) i=2and h # 27 (mod 53),

then the ternary cyclic code Cy ey has parameters [3™ —

1,3 - 2m — 1,4].

It should be noted that e = 3" + 2 - 3% if i = 0, which is
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equivalent to e = 3" + 2.This is a special case of Ref. [15].

Let k be a positive integer. The item 2) of Theorem 2
holds if one of the following cases holds:

(i) let h =3k + 1 and 3k # 2 (mod 5);

(ii)let h =3k +3 and k # 0 (mod 5).

The item 3) of Theorem 2 holds if one of the following
cases holds:

(i)let h =3k +1 > 1 and 3k # 26 (mod 53);

(ii)let h =3k + 3 and k £ 8 (mod 53).
The following examples from the Magma Program confirm
Theorem 2.

Examplel. Letk =0, h =3k+3 =3, m=2h-1=5andw
be a generator of ¥, with minimal polynomial X +2x+ 1.

Then t = 355 = 122,e = 3" + 18 = 45. We have the
code C ¢) is an optimal ternary cyclic code with generator
polynomial x'0 +2x° + 3 +x7 + X + ¥} + x> + x + 2 and

parameters [242,232,4].

Example2. Letk =1, h=3k+1 =4, m=2h—1=Tandw
be a generator of F},, with minimal polynomial x4+ 2x+ 1.
Then t = 3"'7” = 1094,e = 3" + 6 = 87. We have the
code Cy ¢) is an optimal ternary cyclic code with generator
polynomial x'* + 2x13 + 2x1% + 2x' + 2x19 4+ 2x% + 2x% +
2x7 + 2x* + x> + 2 and parameters [2186,2172,4].

4. Conclusion

In the letter, inspired by the work of [15], two new classes
of optimal ternary cyclic codes were presented. It should be
noticed that more new optimal ternary codes may be obtained
from other values of e = 3" +2- 3/,

References

[1] R. Lidl and H. Niederreiter, Finite Fields, Cambridge University
Press, 1996.

[2] J. Lint, Introduction to Coding Theory, 3rd ed., Springer-Verlag
Press, 1999.

[3] T.Klgve, Codes for Error Detection, World Scientific Press, 2007.

[4] C.Carlet, C. Ding, and J. Yuan, “Linear codes from perfect nonlinear
mappings and their secret sharing schemes,” IEEE Trans. Inf. Theory,
vol.51, no.6, pp.2089-2102, 2005.

[5] C. Ding and X. Wang, “A coding theory construction of new sys-
tematic authentication codes,” Theory Comput. Sci., vol.330, no.1,
pp-81-99, 2005.

(6]

(71

(8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]
(171

(18]

[19]

[20]

[21]

[22]

IEICE TRANS. FUNDAMENTALS, VOL.E107-A, NO.7 JULY 2024

C. Ding, Y. Yang, and X. Tang, “Optimal sets of frequency hopping
sequences from linear cyclic codes,” IEEE Trans. Inf. Theory, vol.56
no.7, pp.3605-3612, 2010.

C. Ding and T. Helleseth, “Optimal ternary cyclic codes from mono-
mials,” IEEE Trans. Inf. Theory, vol.59, no.9, pp.5898-5904, 2013.
N. Li, C. Li, T. Helleseth, C. Ding, and X. Tang, “Optimal ternary
cyclic codes with minimum distance four and five,” Finite Fields and
Their Appl., vol.30, no.6, pp.100-120, 2013.

N. Li, Z. Zhou, and T. Helleseth, “On a conjecture about a class of
optimal ternary cyclic codes,” 2015 Seventh International Workshop
on Signal Design and its Applications in Communications (IWSDA),
Bengaluru, India, pp.62-65, 2015.

D. Han and H. Yan, “On an open problem about a class of optimal
ternary cyclic codes,” Finite Fields and Their Appl., vol.59, pp.335—
343, 2019.

Z. Zha and L. Hu, “New classes of optimal ternary cyclic codes
with minimum distance four,” Finite Fields and Their Appl., vol.64,
101671, 2020.

L. Wang and G. Wu, “Several classes of optimal ternary cyclic codes
with minimal distance four,” Finite Fields and Their Appl., vol.40,
pp.126-137, 2016.

C. Fan, N. Li, and Z. Zhou, “A class of optimal ternary cyclic codes
and their duals,” Finite Fields and Their Appl., vol.37, pp.193-202,
2016.

Z. Zhou and C. Ding, “A class of three-weight cyclic codes,” Finite
Fields and Their Appl., vol.25, pp.79-93, 2014.

H. Yan, Z. Zhou, and X. Du, “A family of optimal ternary cyclic
codes from the Niho-type exponent,” Finite Fields and Their Appl.,
vol.54, pp.101-112, 2018.

Z.Zha, L. Hu, and Y. Liu, “Further results on optimal ternary cyclic
codes,” Finite Fields and Their Appl., vol.75, 101898, 2021.

Y. Liu, X. Cao, and W. Lu, “Two classes of new optimal ternary cyclic
codes,” Adv. Math. Commun., vol.17, no.4, pp.979-993, 2023.
Z.Hai, L. Rong, and T. Sun, “Two families of optimal ternary cyclic
codes with minimal distance four,” Finite Fields and Their Appl.,
vol.79, 101995, 2022.

D. Wang and X. Cao, “A family of optimal ternary cyclic codes with
minimum distance five and their duals,” Cryptogr. Commun., vol.14,
no.l1, pp.1-13, 2022.

Q. Liu and X. Liu, “On some conjectures about optimal ternary
cyclic codes,” Appl. Algebra Eng. Commun. Comput., vol.33, no.4,
pp.419-436, 2022.

Q. Li and L. Liu, “Some results on optimal ternary cyclic codes
with minimal distance four,” Chinese Journal of Electronics, vol.33,
pp.1-10, 2023.

N.Liand S. Mesnager, “Recent results and problems on constructions
of linear codes from cryptographic functions,” Cryptogr. Commun.,
vol.12, no.5, pp.965-986, 2020.



http://dx.doi.org/10.1017/cbo9780511525926
http://dx.doi.org/10.1017/cbo9780511525926
http://dx.doi.org/10.1007/978-3-642-58575-3
http://dx.doi.org/10.1007/978-3-642-58575-3
https://doi.org/10.1142/6400
http://dx.doi.org/10.1109/tit.2005.847722
http://dx.doi.org/10.1109/tit.2005.847722
http://dx.doi.org/10.1109/tit.2005.847722
http://dx.doi.org/10.1016/j.tcs.2004.09.011
http://dx.doi.org/10.1016/j.tcs.2004.09.011
http://dx.doi.org/10.1016/j.tcs.2004.09.011
http://dx.doi.org/10.1109/tit.2010.2048504
http://dx.doi.org/10.1109/tit.2010.2048504
http://dx.doi.org/10.1109/tit.2010.2048504
http://dx.doi.org/10.1109/tit.2013.2260795
http://dx.doi.org/10.1109/tit.2013.2260795
http://dx.doi.org/10.1016/j.ffa.2014.06.001
http://dx.doi.org/10.1016/j.ffa.2014.06.001
http://dx.doi.org/10.1016/j.ffa.2014.06.001
http://dx.doi.org/10.1109/iwsda.2015.7458415
http://dx.doi.org/10.1109/iwsda.2015.7458415
http://dx.doi.org/10.1109/iwsda.2015.7458415
http://dx.doi.org/10.1109/iwsda.2015.7458415
http://dx.doi.org/10.1016/j.ffa.2019.07.002
http://dx.doi.org/10.1016/j.ffa.2019.07.002
http://dx.doi.org/10.1016/j.ffa.2019.07.002
http://dx.doi.org/10.1016/j.ffa.2020.101671
http://dx.doi.org/10.1016/j.ffa.2020.101671
http://dx.doi.org/10.1016/j.ffa.2020.101671
http://dx.doi.org/10.1016/j.ffa.2016.03.007
http://dx.doi.org/10.1016/j.ffa.2016.03.007
http://dx.doi.org/10.1016/j.ffa.2016.03.007
http://dx.doi.org/10.1016/j.ffa.2015.10.004
http://dx.doi.org/10.1016/j.ffa.2015.10.004
http://dx.doi.org/10.1016/j.ffa.2015.10.004
http://dx.doi.org/10.1016/j.ffa.2013.08.005
http://dx.doi.org/10.1016/j.ffa.2013.08.005
http://dx.doi.org/10.1016/j.ffa.2018.08.004
http://dx.doi.org/10.1016/j.ffa.2018.08.004
http://dx.doi.org/10.1016/j.ffa.2018.08.004
http://dx.doi.org/10.1016/j.ffa.2021.101898
http://dx.doi.org/10.1016/j.ffa.2021.101898
http://dx.doi.org/10.3934/amc.2021033
http://dx.doi.org/10.3934/amc.2021033
http://dx.doi.org/10.1016/j.ffa.2022.101995
http://dx.doi.org/10.1016/j.ffa.2022.101995
http://dx.doi.org/10.1016/j.ffa.2022.101995
http://dx.doi.org/10.1007/s12095-021-00493-z
http://dx.doi.org/10.1007/s12095-021-00493-z
http://dx.doi.org/10.1007/s12095-021-00493-z
http://dx.doi.org/10.1007/s00200-020-00458-4
http://dx.doi.org/10.1007/s00200-020-00458-4
http://dx.doi.org/10.1007/s00200-020-00458-4
http://dx.doi.org/10.1007/s12095-020-00435-1
http://dx.doi.org/10.1007/s12095-020-00435-1
http://dx.doi.org/10.1007/s12095-020-00435-1

