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Novel Constructions of Type-II Binary ZCPs via Inserting Vectors®

Longye WANG ¥, Member, Lingguo KONG ™, Xiaoli ZENG "%, and Qingping YUY, Nonmembers

SUMMARY  The type-II Z-complementary pairs (ZCPs) are used to
suppress asynchronous interference in multi-carrier communication sys-
tems. There are many methods for the construction of type-II ZCPs, in-
cluding horizontal concatenation of GCP, generalized Boolean functions,
interleaving techniques, and so on. In this paper, two types of type-II
binary ZCPs are proposed based on the insertion method, with parame-
ters of (4N + 2,2N + 1) and zero correlation zone (ZCZ) ratio of 1/2.
Also, we obtained a new type of type-II binary ZCPs with parameters of
(4N +2,3N + 1) and ZCZ,41i0 of 3/4. The proposed type-II binary
ZCPs have aperiodic auto-correlation sums (AACS) magnitude of 4 and 8
outside the ZCZ zone (except for the last time-shift taking AACS value of
zero). In particular, the AACS magnitude of the type-II binary ZCP with
parameters of (4N +2,3N + 1) is only 4.

key words: Z-complementary pairs, Golay complementary pairs, Insertion
method , Zero correlation zone, Complementary Mates.

1. Introduction

In 1951, Golay first introduced the concept of complemen-
tary pairs (GCPs) in the application of static light gap in the
infrared spectrum [1]. In 1961, Golay further pointed out
that if the sum of aperiodic auto-correlation functions of bi-
nary sequence pairs forms a pulse function, it is considered
a complementary pair [2]. However, GCPs have a limited
length, specifically 2?10%267, where «, 3, and y are posi-
tive integers [3]. This limitation has led researchers to ex-
plore the possibility of extending the length of complemen-
tary sequences.

In 2007, Fan et al. extended the concept of binary GCPs
to binary Z-complementary pairs (ZCPs). Binary ZCPs only
require that the sum of aperiodic correlation functions of
sequence pairs is zero in the zero correlation zone (ZCZ)
[4]. Liu et al. proposed the concept of new ZCPs in 2014,
namely type-1 ZCPs and type-II ZCPs [5], and constructed
sequences that meet these two concepts. For type-1 ZCPs,
its ZCZ is located near the origin of the time shift, which
is generally used to reduce intersymbol interference (ISI)
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[6], while for type-II ZCPs, its ZCZ is located near the
end-shift position, which is generally used to suppress asyn-
chronous interference [7]. ZCZ ratio is the ratio of the length
of the zero correlation zone to the length of the sequence.
ZCZ ratio plays an important role in reducing interference
in asynchronous environments of communication systems.
The larger the ZCZ ratio, the stronger the anti-interference
ability of the communication system. Therefore, it is very
necessary to construct ZCPs with a large ZCZ ratio.

In recent years, the ZCPs with different lengths and
ZCZ widths have been designed by various methods. For
instance, Liu et al. [8] utilized the generalized Boolean func-
tions (GBFs) to construct ZCPs with the length of 29+! 429
and ZCZ width of 22*!, achieving a ratio of 2/3. Chen et al.
[9] constructed ZCPs with the length of 2m=1 4 2v and ZCZ
width of 272 + 2° using GBFs. Adhikary et al. [10] con-
structed ZCPs with the length of 2! + 2 and ZCZ width of
2m=2427(m=3) 4 1 through GBFs, where the maximum ZCZ
ratio is 3/4 when 7(m —3) = m—3. In 2022, Peng et al. [11]
also used GBFs to construct a new ZCPs with the length of
2m+3 4 om+2 4 om+l and the ZCZ width of 2+ + 2+2,

Although the GBF is a typical technique for ZCPs con-
struction, other methods are also widely used in the design
of ZCPs, such as cascading, interleaving, Kronecker prod-
uct, etc. Xie et al. constructed ZCPs with lengths of 28N
and 24N and ZCZ widths of 24N and 20N based on the Kro-
necker product of GCPs and E-sequence [12]. By horizon-
tally cascading GCPs, Yu et al. were able to generate ZCPs
with lengths of 3N,5N,7N,9N, 11N, 12N, 13N, 14N, and
ZCZ widths of 2N,3N,4N,5N,6N, 10N, 7N, 12N, respec-
tively [13]. Gu et al. constructed ZCPs through interleaving
GCPs [14]. The resulting ZCPs has a new form of lengths
3x 29108267 and 14 x 27108267

Motivated by the works of Adhikary, Gu, Chen and
Sheng et al. [15]-[18], we proposed three kinds of insertion
structures that can generate ZCPs with the length of 4N + 2,
and ZCZ of 2N + 1 or 3N + 1, respectively, where N is the
length of GCPs. The obtained type-II binary ZCPs have ape-
riodic auto-correlation sums (AACS) magnitude of 4 and 8
outside the ZCZ region. In particular, the AACS is only 4 if
the ZCPs with ZCZ width of 3N + 1.

The rest of the paper is organized as follows. In Section
2, we introduce the symbolic definition, theoretical defini-
tion, and some lemmas needed in this paper. In Section 3,
we will present our three theorems, all of which can generate
ZCPs with a length of 4N +2. In Section 4, we compare our
work with previous research and present the comparison in
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tabular form. Finally, in Section 5, we summarize our work.
2. PRELIMINARIES

Let us mention essential definitions, theorems and opera-
tions which will be used throughout this paper.

e x* denotes the conjugate of the complex number x.

* 1 and —1 are denoted by + and —, respectively.

* 0, denotes the all-zero vector of length L.

¢ al|b denotes the horizontal concatenation of sequences
a and b.

* a denotes the reverse of sequence a.

¢ a(i) or a; denotes the i-th element of sequence a.

Definition 1: Let a and b be two binary sequences of
length N. The aperiodic cross-correlation function (ACCF)
Pap(T) of @ and b at time-shift 7 is defined as follows
N-l-7
Y apbl, ., 0<7T<N-1;
i=0

N-l+1 (1)

Pab(T) = 2 ai-zb;, -(N-1)<t<-1;
i=0

0, |t| = N.

Whena = b, p, p(7) is called the aperiodic auto-correlation
function (AACF) of a and is denoted as p, (7).

Definition 2: Let (a,b) be a pair of binary sequences of
identical length N, it is said to be a binary Z-complementary
pair (ZCP), short written as (N, Z)-ZCP, if

Pa(T) + pp(7) =0, 0<1t<Z, )

where 1 < Z < N. Meanwhile, the ZCZ ratio of binary
(N, Z)-ZCP is defined as ZCZ, 41ip = %

In addition, an (N, Z)-ZCP is referred to as Type-II
ZCP, if and only if

pa(T)+pp(1) =0, (N-Z+1)<t<N-1. (3)

Furthermore, if Z = N, binary (N, Z)-ZCP (a, b) is
called a Golay complementary pair (GCP). Specifically, if
(a, b) is a GCP, then the following operations also yield GCP
[19]:

e negating a and/or b, ie., (-a,b), (a,-b), and
(—a,—b) are GCPs.

- «— - “
e reversing @ and/or b, i.e., (a,b), (a,b),and (a, b) are
GCPs.

Definition 3: Let H = (Z?g Z?i ) is a matrix of order 2, and

a = (a; a>), where a and a; is two sequences. Then a new
operation © is defined as follows,

hooai  hoiaz
H = . 4
o (hloth hnaz) @

Definition 4 (Iterative Insertion Function [18]): Let a =
(ag,ay, - ,an—-1) be a sequence of length N, r =
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(ro,r1,-+,rm-1) and y = (yo,y1, "+ ,Yym-1) are two se-
quences of length M, where r is the interpolated position
vector and y is the interpolation vector. Define I;(a,r, y)
as an insertion function at the i-th iteration, which generates
a length-(N +i + 1) sequence. For 0 < i < M — 1, with
elements (yo, Y1, - ,Yym—1), I; is defined as follows:

ri =0;
r,-=N+i;

is g s dly_10)s

(ag @y _y 0 Yi)s

(o=, Yis 5 Ay ),
O<ri<N +1i.

Ii(ai’ri5yi): (5)

Lemma 1 ([19]): A GCP (a, b) with length N has the fol-
lowing properties (6) or (7).

a(+a(N-1-i)=+2 N |
{b(i)+b(N_1_l-):0 (03133—1), (6)
a(i)+a(N-1-i)=0 N

{b(i)+b(N—1_,-)=i2 (OSzSE—l), 7

3. Proproseb CONSTRUCTIONS

Throughout this section, we will give three systematic con-
structions of ZCPs based on the insertion vector. All three
methods can generate ZCPs with the length of 4N + 2.

Construction 1: Assume (m, n) is a GCP with length N,
and H = (Z?g Z(]’: ) is a matrix of order 2. Let g = (m n),
the systematic construction of ZCPs is as follows:

-
Step 1. Let (¢, d) = (- b,Z), and (a, b) can be con-
structed by (4) as follows:

a hoom ]’l01n
=H = . 8
(b) ©9 (/’l]om h”n) (®)

Step 2. Horizontal concatenate sequences a and ¢ form
a sequence e with length 4N. Similarly, f is the concatena-
tion of sequences b and d, as shown in the following (9).

5= 1a) ©

Step 3. Let p = I1(e,r,x) and ¢ = I, (f,r,y), where
r, x, and y are all vectors of length 2. Then a new sequence
pair (p, q) can be obtained.

Through the above construction 1, three types of ZCPs
can be obtained, as shown in Theorem 1, Theorem 2, and
Theorem 3.

Theorem 1: Whenr = (0,3N + 1), hgp = hy; = —hyo =
—ho1, X0 = —yo = x| = yi, the sequence pair (p, q) con-
structed is a type-IT (4N +2, 2N +1)-ZCP with ZCZ, 410 = 3
from construction 1.

Proof: For the convenience of proof, we express (p, q) as
follows, where a, b, ¢ and d are all divided into two subse-
quences with identical length N, represented by subscripts 1
and 2.
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(P) _ (Xo laillazlleillxi|l e (10)
q yolloy b2 1l dillyi ll d>

Without loss of generality, we can assume 0 < 7 <
4N + 1.

According to Theorem 1, when 1 < 7 < N, we have the
following four conclusions, which can be used in the aperi-
odic auto-correlation sums (AACS) of p and q.

* Since pq,(T) + Pa, (T)=pm (1) + pn(7)=0, P, (T) +
,0{)2 (T)=Pc1 (T) + Pc, (T)=pd1 (T) + Pd, (T)=O'

* Since Pae: (1) + p;ﬂz (1)==p, < (1) + p, = (7)=0,
Pae;(T) + Pbyay (T)==p,, = (T) +p, = (7)=0.

® Paja; (T) = Pdd, (T)’ Pb1b, (T)=pclc2 (T) .

* Pa& (T)=P;2(;2 (1), Pl; 0 (T)=P;;252 (7).

Case I: For 1 < 7 < N, the AACS for each 7 is given
in (12) as follows,

Pp@=xX0ar-1 +Pa, @) + pg o (N = 7) + pa, (@)

+ 04 (N =T) + pe, (T) + X1CN 471
+p§1§2(N —T+1)+x1cN-7 + P, ).
Pa@=obror+p0, @ +pp (N =1+ o 1D

+pl;¢Z(N =7)+pa,@ +y1dN+c-1

+ P H(IV_T"' 1) +yldN—T+pdz(T)~
did;

Pp (1) + pq (1)
=X0A7-1+Yobr-1 + X1CN+r-1
+Y1dNsr-1 +X1CN—7 +Y1dN -1
(12)
=xohoom -1 + Xohoom--1 + xohoomn -+
+ x0hoomN - + X0hoonc-1 — X0hoo -1
=2x0hoo(mr—1 +my—_7).
Case 2: For N +1 < 7 < 2N, the AACS for each 7 is given
in (13) as follows,

Pp(T) + pg(T)
=X007-1+Paya, (T)+ X1038 -7 + Py (2N - 7)

+ .L/Ob‘r—1+pb1b2 (T)+y1b3N—T+p; ‘; (2N _ T)

141

* pa(_zi'_z(ZN =T+ D+peie; (T)+Paze, (T = N)

+p£L(2N — 7+ D+paga, (1) +ppya, (r = N) - (13)
=xgd;_1 +Yobr_1 +X1a3N_7 + Y1P3N_7
== xohooanNfl - X0h00n77N7]

= xohoonan -7 + xohoonon -7
=—2xohoonr-N-1-

Case 3: For 2N +1 < 7 < 3N, the AACS for each 7 is given
in (15) as follows,

3
Pp (1) + pgq (1)
=X0C7t-2N-1 +Pa2c2(T —2N - 1)
+X1a3N 71 +pai;2(3N -7+1)
(14)
+ palcl (T - 2N) + Pb1d1 (T - ZN)
+Yod<-aN-1+ Pba, (T — 2N — 1)
_ - - 1
+y1b3n T+pb1d2(3N T+1)
(14) can be simplified to
pp(T) +pq(7)
=X0Cr-2N-1+X1a3N -7 + 13N -7 + Yod 2N -1 (15)

= — xohoon3n - +Xohoom3sn -«
= xohoom3an -+ +xohoonsn—- = 0.

Case 4: For t = 3N +1, the AACS for each 7 is given in (16)
as follows,

Pp(T)+pq(T)=X0x1 + Paye, (N)+Yoy1+Pbyd, (N)

(16)
=xox1 + yoy1 = 0.

Case 5: For 3N +2 < v < 4N + 1, the AACS for each 7 is
given in (17) as follows,

pp(7)+pq(7) =X0Cr-2N-2% Paye;, (tT-2N-2)
+yodr-2N-2+Ppd, (T—2N=2) (17)
=X0C7-2N-2 + Yod-2N-2

=x0h00M4N —e+1 —X0H00M4N-7+1=0.

Therefore, the sequence pair (p, q) is a type-1I (4N +2,2N +
1)-ZCP with ZCZyario = lim 35755 = 1/2. ]

Example 1: Let (m,n) = (++ — +,+++ —) be a GCP of
length 4, and H = (* 1) be a matrix satisfying the condi-
tions of Theorem 1. Then the sequences a, b, ¢ and d can
be expressed as follows,

a ++—+———+
b | | ——+—+++-
c | | +-——+-++
d e e

Then (e, f) is expressed as follows,

e | [ H++—+-———++———+-—++

fl \——+—+++—+———+—++ |
Furthermore, letxg = 1,x; = 1,y0 = —1,and y; = 1, in order
to easily identify the specific location of interpolation, this

paper highlights the interpolated sections in red, then (p, q)
can be obtained,

P\ [ +++—+———H+———++—++
q ) |\ ———+—-F++—t+———F++—++ |’

Then,

lop (7) + pg (D111 = (36,0, -4, -4,4,-8,-8,0,4,09)



The above equation represents the value of each AACS cor-
responding to 7 ranging from O to 17. Obviously, (p, g) is a
type-1I (18, 9)-ZCP.

Theorem 2: When r = (N,4N + 1), hog = hig = —ho =
—h11, xo = Yo = x1 = -y, the sequence pair (p, q) con-
structed is a type-I11 (4N+2,2N +1)-ZCP with ZCZ, 44 = %
from construction 1.

Proof: Due to the similarity between the proof of Theorem
2 and Theorem 1, the proof of Theorem 2 is omitted here. m

Example 2: Let (m,n) = (++ — +,+++ —) be a GCP of
length 4, and H = ({ ) be a matrix satisfying the conditions
of Theorem 2. Then the sequences a, b, ¢, and d can be
expressed as follows,

a +4+—+———+
b | | ++-+-———+
c || —+++-+—
d +—-——+—++

Then (e, f) is expressed as follows,
e\ [ ++—+———F+—-+++—-+——
f)] \++—+———++———+—++ |’

Letxg = 1,x1 =1,y = 1,and y; = —1. Then (p, q) is
expressed as follows,

P\ _[++—++———+—+++—+——+
q ) |\ ++—++———++———+—++— |’

Then,
lop (7) + pg (7)1, = (36, -4, 8,05, —4, -4, 4,0, 09)
Hence,(p, q) is a type-1I (18,9)-ZCP.

Theorem 3: When r = (N,3N + 1), xo = y1, x| = —yp, let
H is a column orthogonal matrix, satisfy hgoho1 +h10h11 =
0. The sequence pair (p, q) constructed is a type-1I (4N +
2,3N + 1)-ZCP with ZCZ, 41i0 = % from construction 1.

Proof: Similar to the proof of Theorem 1, the proof of The-
orem 3 uses the same symbols and properties as Theorem
1.

Case I: For 1 < v < N, the AACS for each 7 is given
in (18) as follows,

Pp(T)+p4(T) =X0aN -7 +X0aN -7 -1+X1CN -1
+X1CN—7-1+YobN_z+YobN_z-1 (18)
+y1dy - +y1dn-—r-1.

Case 2: For N+ 1 < 7 < 2N, the AACS for each 7 is given
in (19) as follows,
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Pp(T) + pg(T) =X1a3N -7 + Paya, (T — N — 1)
+Yodr-N-1+ Pbp,(T—N = 1)
+X0C7-N-1+Pc1c, (T—N—1)
+y1bsn_¢ +paya,(T—N - 1)

=xrho1naN-r + yrhiinan -+ (19)
+Yoho1maon—r—Xoh11han -+
+(hooho1 +h10h11) Pmn (T—N—1)
+(hooho1 +hiohi)pg, o (T=N-1)
=0
Case 3: For T = 2N +1, the AACS for each 7 is given in (20)
as follows,

op(T) + pg(7) = x0x1 + yoy1 = 0. (20)

Case 4: For 2N +2 < v < 3N + 1, the AACS for each 7 is
given in (21) as follows,

Pp(T)+py(T) =X103N 741 + Yod N2
+X0Cr-N-2 + Y1 b3N—
0Ct-N-2 +Y1D3N 741 @1
=x1hooMm3N 742 + YohooMm3n - 7+2
—Xoh10M3N -r+2+Y1 h1om3N—2=0.
Case 5: For 3N +2 < v < 4N + 1, the AACS for each 7 is

given in (22) as follows,
pp(T) +pq(7) 22)
= Paye, (T =3N =2) + pp,a, (1 —3N =2) =0.

Therefore, the sequence pair (p, q) is atype-11 (4N +2,3N +
1)-ZCP with ZCZyasio = lim 35 H =3/4. .

3

4N
Remark 1: For N+ 1 < 7 < 4N + 1, there is no doubt
that p, (1) + pg(7) = 0. For 1 < v < N, we can further
discuss the specific value of the AACS through Lemma 1.
Obviously, for a GCP, when a(i) +a(N —1—i) = £2, b(i) +
b(N —1-1i) =0. (c¢,d) also has the same properties. So,
for case 1, the AACS for each 7 is given in (23) as follows,

pp(T) +pq(T)
=xo(an-7 +an-7-1) +yi(dn-7r +dN-7-1) (23)
=2xo(an-r +an-r-1) = 4.
Example 3: Let (m,n) = (+++—-++—+,+++———+-)
be a GCP of length 4, and H = (} *) be a matrix satisfying

the conditions of Theorem 3. Then the sequences a, b, c,
and d can be expressed as follows,

a +++—++—tt+++———+—
b | | +++—-++—+———+++—+
c | | —+-——+++-+-——+——
d —+———++++ -+ -+ 4+

Then (e, f) is expressed as follows,

(+++—++—-++++———+——
e\ [ +-——+++-+-——+-——--)
f] ] (+++—++—-+———+++—+—

+———++++—++—+++)
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Letxo = 1,x; = —1,y0 = 1,y; = 1.Then (p, q) is expressed

as follows,
(+++—++—+++++—-——+—
p\ | +-———F++++—-+——+-—--)
q ) | (+++—++—-F+————+++—+—
+———+++++—++—+++)

is higher than our ZCP. However, they require STB-GCP as a
seed pair and can only be constructed when the interpolation
vector has specific values, which is difficult to implement.
The three types of ZCPs constructed have not been reported
before. Due to their same length but different ZCZ widths,
they provide more type-II ZCPs for broadband communica-
tion systems. Table I is a detailed comparison with previous
works.

Then,
lop (1) + pg (T)132, = (68,4,4,4, -4, -4, -4,4, -4, 0,5)
Hence, (p, q) is a type-1I (34,25)-ZCP, and its AACSs out-

5. Conclusion

side the ZCZ is +4.

4. Comparison with the previous works

In this paper, three ZCPs with new parameters are con-
structed. The first two methods can generate a type-I1I ZCP
with the length of 4N + 2 and ZCZ width of 2N + 1, and the
latter method can generate a type-II ZCP with the length of
4N +2 and ZCZ width of 3N + 1. The obtained constructions
and parameters have not been reported. With the help of the
specific relations between the elements of the matrix of order
2, the construction is simple and clear, and the ZCZ of ZCPs
constructed by Theorem 3 is larger, which provides more
optional spreading sequences for multi-carrier communica-
tion systems and orthogonal frequency division multiplexing
systems.
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