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Pre-T Event-Triggered Controller with a Gain-Scaling Factor for a
Chain of Integrators and Its Extension to Strict-Feedback

Nonlinearity*

SUMMARY  We propose a pre-T event-triggered controller (ETC) for
the stabilization of a chain of integrators. Our per-T event-triggered con-
troller is a modified event-triggered controller by adding a pre-defined pos-
itive constant 7" to the event-triggering condition. With this pre-T, the
immediate advantages are (i) the often complicated additional analysis re-
garding the Zeno behavior is no longer needed, (ii) the positive lower bound
of interexecution times can be specified, (iii) the number of control input
updates can be further reduced. We carry out the rigorous system analysis
and simulations to illustrate the advantages of our proposed method over
the traditional event-triggered control method.

key words: pre-T event-triggered controller, a chain of integrators, global
stabilization

1. Introduction

Since the work of [12], the event-triggered control (ETC)
has been one of much studied topics in control field (see
[31, [5], [8]-[13] and references therein). The most well-
known advantage of the traditional ETCs is the discrete up-
dates of control inputs, which leads to the efficient usage of
communication resources. The often difficult part of the tra-
ditional ETCs is the design of the event-triggering conditions
because the event-triggering conditions must be designed to
be fit in both the system stabillization/regulation analysis and
interexecution time analysis to avoid the Zeno behavior [6].

In this letter, we consider a chain of integrators and take
the ETC with a gain-scaling factor from [11] and modify it
by adding a pre-defined positive constant 7" to the event-
triggering conditions. So, we call it ‘a pre-T ETC with a
gain-scaling factor’. This pre-T approach is motivated by a
zero-order-hold control method in [1]. So, our pre-T ETC
can be considered as a hybrid version of zero-order-hold and
ETC control methods.

There are certain advantages with our proposed pre-
T ETC. First, the positive lower bounds of intereexecution
times are guaranteed by default. Thus, there is no need to
carry out the analysis to show the avoidance of the Zeno
behavior. Second, since the event-triggering conditions are
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only used in the system stabilization/regulation analysis, the
design of the event-triggering conditions can be easier - we
do not have to consider two-way analyses unlike the tra-
ditional ETCs. Third, the traditional ETCS tend to yield
smaller interexecution times during the transient period. In
our proposed control method, there are fixed lower bound
T such that somewhat unnecessarily small interexecution
bounds can be avoided during the transient period, which
leads to even further reduced number of control input up-
dates over the traditional ETCs. We carry out the system
analysis and show simulation results which clearly show the
validity of our proposed control method.

2. System and problem formulation

We consider a chain of integrators given by
X =Ax + Bu @))

where x = [x1,---,x,]T € R"is the state, u € R is the input,
and (A, B) is a Brunovsky canonical pair, that is, A = [a;/],
1 <i,j<n whereif j =i+1,a; =1,else a;; =0 and
B=10,---,0,1]".

Our control goal is to globally asymptotically stabilize
the system (1) within a framework of ETC. More specifically,
we suggest a new ETC with an additional pre-T feature to
further reduce the number of control input updates while
maintaining the control performance. Our proposed pre-T
ETC is given as

u= K)/x(ti)9 Vt € [tis ti+1) (2)

and a triggering condition with a pre-T is

tf,, =inf{t > t; : |Eye|l > o||Eyx]||}
l‘;:_kl =T+
tiy1 = max{t;, .17, 3)

where K, = [ki/y",--
x(t;)—x,t5 = 0.

The following controller parameters with brief expla-
nations are to be chosen.

° ,kn/’)/]’ E, = dlag[% tc J’n], e =

* K = K, |,-1 Basic control gain
* v > 1 Gain-scaling factor
*0 <o <1 Triggering condition factor
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¢ (0 < T Pre-defined lower bound of interexcecution times

Without any further notice, || - || denotes the Euclidean norm
throughout this letter.

3. Main Results

Theorem 1. The system (1) is globally asymptotically stabi-
lized by the controller (2) with (3).
Proof. Fort € [t;,t;+1), the closed-loop system is

X = Ak, x — BK)(x — x(;)) (Y

where AKy = A+ BK,.
First, we let K be that Ax = Ak |y=1 is Hurwitz. Then,
we have the following Lyapunov equation [11]

A, Py + PyAk, = =7 'E, 5)
where Py = E,PE,, ALP + PAg = —1.

Here, we consider the following two cases.

Case l. t;y = t;‘+].

In this case, the closed-loop system is rewritten as
%= Ag,x + BKye (6)
With V(x) = xT P, x, along the trajectory of (6),
V(x) = -y '|E,x|* + 2x" PyBK,e
= -y | Eyx|* + 2x" E,PE,BK,E;'Eje  (7)

Using EyBKyE;" = y™'BK and ||Eye|| < o||Eyx]| for t €
[;,ti+1), we have
V(x) < =y IEyx|I* + 2|IP|lI|BK |y~ | Eyx|1?
= —y~'(1 = 2||P|[|BK]|o)|| Eyx|I* (3)

By choosing o as

-c
oc>—>0, 0<c<1 )
2(|P[IIBK|
we have
V(x) < =y cllEyx]|? (10)

Case 2. t;4) = t7],. In this case, the closed-loop system is
rewritten as

t
X :Any - BK)// xds
t;
t
=Ak,x - BK, / [Ax + BK, x(t;)]ds
I
t t
=Ag, X — BKyA/ xds — (BKy)zf x(t:)]ds
t; ti
t
=Ak,x — BK,AE; / E,xds
1,

i

- (BK,)’E;" / I E,x(t;)]ds (11)

i
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With V(x) = xT P, x, along the trajectory of (11),
V(x) ==y Eyx|?

t
- 2x"E,PE,BK, AE," / Eyxds

i

ti
- 2x" E,PE,(BK, )’E," / Eyx(t;)]ds  (12)
t

Note that ||E,BK,AE;'|| < y2|IK|l, |E,(BKy)E;'|| <
Y 2||K|| with K = k,K. Then, from (12), we have
V(x) < =y IE x|
+2|[P[IIKIITy 2| Ey x|l sup [Eyx(t+06)|

-T<60<0
+20PUIRITY 2N Eyxll - sup [IEyx(t +6)l]
-T<6<0
13)

4] to treat the
qV(x)7 -T <
qllEyx|l, ¢ =

Here, we utilize the Razumikhin theorem [
the supremum term. Setting V(x(z + 0)) <
6 < 0 leads to sup_;g<o l1E,x(t + 0)|| <
VG Amax(P)/ Amin(P). Using this, we have

V(x) <=y ' [1=2gIPIAKI + IR INTY ™ IEy ]2

(14)
By choosing y as
24||P|I(IK || + IKIN)T
5 glIPIAIKI + 1K) >0, 0<c<1 (15)
1-c¢
we have
V(o) <~y ell Byl (10

which is the same as (10).

From (10) and (16) together, the closed-loop system (4)
is globally asymptotically stabilized. Note that T guarantees
the presence of the positive lower bounds of interexecution
times by default. So, unlike the traditional ETC methods,
we do not need to carry out any additional analysis to prove
the avoidance of the Zeno behavior. O

Remark 1. The advantages of our proposed pre-T ETC over
the traditional ETCs (see [11], [12]) are: (i) The tradi-
tional ETCs tend to have smaller interexecution times dur-
ing the transient period as states often change rapidly. With
fixed value of pre-T, our method can yield more regular and
larger interexecution times during the transient period over
the traditional ETCs; (ii) As stated at the end of proof of
Theorem 1, we do not need to carry out the Zeno behavior
avoidance analysis. This naturally leads to easier design of
the event-triggering conditions because the event-triggering
conditions are only involved in the system analysis, not Zeno
behavior avoidance analysis.

4. Extension to a Class of Strict-Feedback Nonlinearity

We extend the system (1) by adding a class of strict-feedback
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nonlinearity which represents of several practical systems
such as a single-link robot manipulator and so forth [7] as
follows.

X =Ax+ Bu+6(t,x,u) a7

where 6(¢,x,u) = [61(t,x,u), - ,0,(t,x,u)]T is a vector of
continuous functions under the following condition.

Assumption 1. Fori = 1,--- ,n, there exists a finite constant
L > 0 such that 6;(t, x,u) < L(|x1| + - - - + |x;]).

Under Assumption 1, the analysis of the system (17)
with our proposed controller (2) under (3) can be similarly
derived by following the proof of Theorem 1 as follows:
Casel. ;4 =17,

In this case, by adding a term of 2x” P,d(t,x,u) <
2||P||IL||Eyx||? to (8), we can have

V(x) < -y Ao, p)lIEy x| (18)
where
Ai(o,y) = 1 =2||P||||BK|lo - 2||P||ILy (19)

Case 2. t;11 = tl’,j‘l .
In this case, again by adding a term of 2xT P,o(t,x,u) <

2||P||L||E,x]|? to (14), we can have
V(x) < =y AT, ) Ey x| (20)
where

Mo(T,y) = 1 =24|IPIICIK | + IKIDTyY ™" = 2IIPIILy
2h

By summarizing (18)—(21), we arrive at the following result.

Corollary 1. The system (17) is globally asymptotically sta-
bilized by the controller (2) with (3) when a triplet (o, T,7y)
is selected as A (o,y) = ¢ > 0 and Ay(o,y) = ¢ > 0.

Remark 2. Since each A\(o,y) and Ay(o,y) consists of two
parameters, we may need to use two contour maps containing
two variables in order to determine the values of (o,T,y).
This parameter selection will be illustrated in the case 2 of
the examples.

5. Illustrative Examples

Case 1: chain of integrators: We consider a second-order
system which represents a rigid body motion of satellite [2].
We select K = [-1,-2], 0 = 0.05, y = 7, and T = 0.8.
We make a comparison of our control method with [11] by
using the same K, o, y. As shown in Figs. 1 and 2, the state
trajectories generated by both methods are very similar, yet
our method yields slightly better x; trajectory. The notable
difference is that our method yields much reduced number
of control input updates which is 108 times compared to 176
times by [11]. Thus, the number of control input updates
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Fig.1  Comparison of state trajectories by [11] and pre-T ETC.

Number of input updates = 178 by [10]

Number of input updates = 108 by pre-T ETC

the effeect of pre-T during transient period
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Fig.2  Comparison of number of input updates by [11] and pre-T ETC.

is reduced roughly by 39%. This result is made possible
because our pre-T plays a role to prevent the interexecution
times from becoming too small during the transient period as
shown in Fig. 2. In summary, the pre-T mainly operates dur-
ing the rapidly-varying transient period and once the states
enter the steady-state mode, the traditional event-triggering
condition dominates the controller operation. These com-
bined approach makes our proposed controller generate less
number of control input updates over the traditional ETCs
while keeping the control performance almost the same.
Case 2: Strict-feedback nonlinearity: We consider a second-
order system with 6(t,x,u) = [0,w(t) sinx1], |w(?)| < 0.1.
We select K = [—1,-2]. With K, we can obtain two contour
maps from (19) and (21) as follows:

From Fig. 3, we choose (o,T,y) = (0.06,0.02,1.3) to
complete the controller design. Its control results are shown
in Fig. 4.

6. Conclusions

We have proposed a new pre-T ETC for a chain of integra-
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are the discrete updates of control inputs, our pre-T ETC has
the meaningful advantages over the traditional ETCs. Then,
it has been shown that our control method can be extended
to a class of strict-feedback nonlinear system. There can be
much more extensions of current control method in future
research.
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