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SUMMARY An alphabetic code is a source code that pre-
serves the lexicographical order between sequences in the en-
coding process. This paper studies k-bit delay alphabetic code-
tuples, which are alphabetic codes allowing multiple code tables
and at most k-bit decoding delay. As the main results, we show
theorems to limit the scope of codes to be considered when dis-
cussing k-bit delay alphabetic code-tuples with the optimal av-
erage codeword length in theoretical analysis and practical code
construction. These theorems imply the existence of an optimal
k-bit delay alphabetic code whose code tables are all injective.
They also give an upper bound of the necessary number of code
tables for an alphabetic code to be optimal. In addition to the
results above for a general integer k > 0, we prove further results
for particular cases k =1, 2.

key words: data compression, source coding, decoding delay,
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1. Introduction

An alphabetic code is a source code that preserves the
lexicographical order between sequences in the encod-
ing process. It is useful for efficient search on a set of
source sequences because it allows comparisons between
the corresponding codeword sequences without decod-
ing them instead of comparisons between the original
source sequences.

An alphabetic Huffman code is an alphabetic code
with the optimal average codeword length among all
alphabetic codes with a single prefix-free code table.
Hu-Tucker’s algorithm [1] gives an alphabetic Huffman
code in O(o log o) time for a given source alphabet with
size o and a given source distribution on it. However, it
is known that there exist alphabetic codes with a better
average codeword length, which use a time-variant en-
coder consisting of multiple code tables and allow some
decoding delay [2].

The literature [3] proposes code-tuples as formal
models of binary time-variant encoders with a finite
number of code tables. It also introduces the class of
k-bit delay decodable code-tuples, which are code-tuples
decodable with at most k-bit decoding delay. The gen-
eral properties of the class of k-bit delay decodable
code-tuples are studied in [4].

In this paper, we introduce alphabetic code-tuples
imposing the constraints of alphabetic codes to the
notion of code-tuples. Further, we define k-bit delay
alphabetic optimal code-tuples, which are code-tuples

TThe authors are with the University of Fukui.

with the optimal average codeword length among all k-
bit delay decodable alphabetic code-tuples for a given
and fixed source distribution. Then we investigate gen-
eral properties of the class of k-bit delay alphabetic
optimal code-tuples.

1.1 Contributions

We first prove three theorems, Theorems 1-3, which
are modifications of [4, Theorem 1], [4, Theorem 2],
and [3, Section III] for alphabetic codes, respectively.
Summing up Theorems 1-3, we show Theorem 4, which
limits the scope of codes to be considered when dis-
cussing k-bit delay alphabetic optimal codes in theoret-
ical analysis and practical code construction. Theorem
4 implies that there exists a k-bit delay alphabetic op-
timal code-tuple consisting of at most 225~V injective
code tables.

Furthermore, we show Theorem 5 that it suffices to
consider only code-tuples consisting of a single prefix-
free code table to obtain a 1-bit delay alphabetic op-
timal code-tuple. Also, we show Theorem 6 that it
suffices to consider only code-tuples satisfying certain
constraints to obtain a 2-bit delay alphabetic optimal
code-tuple.

1.2 Related Work

ATFV-k codes [5, 6] are source codes that can achieve
a shorter average codeword length than Huffman codes
by using k code tables and allowing at most k-bit decod-
ing delay.™ The class of AIFV-k codes can be viewed as
a proper subclass of the class of k-bit delay decodable
code-tuples. It is shown in [3] that the class of code-
tuples with a single prefix-free code table can achieve
the optimal average codeword length in the class of 1-
bit delay decodable code-tuples; in particular, Huffman
codes are optimal in the class of 1-bit delay decodable
code-tuples. The literature |7,8] indicate that the class
of AIFV codes achieves the optimal average codeword
length in the class of 2-bit delay decodable code-tuples.
There are algorithms to construct an optimal AIFV-k
code for a given source distribution by iterative opti-
mization via dynamic programming, which are given

In the original proposal of AIFV-k codes [6], m is used
to represent the number of code tables and the length of
allowed decoding delay instead of k.
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by [5,9,10] for k = 2 and given by [11,12] for a general
integer k > 2. The literature [13,14] give another gen-
eralization of AIFV-k codes and construct an optimal
code in a class of generalized AIFV-k codes by iterative
optimization via integer programming.

Alphabetic AIFV codes [2] are alphabetic codes
that can achieve a shorter average codeword length
than alphabetic Huffman codes by using three code ta-
bles and allowing at most 2-bit decoding delay. The
class of alphabetic AIFV codes can be viewed as a
proper subclass of the class of k-bit delay alphabet
code-tuples introduced in this paper. An optimal al-
phabetic AIFV code can be obtained by the algorithm
in [15]. It can be shown from our results in this pa-
per that the algorithm in [16] can construct an optimal
k-bit delay alphabetic code-tuple.

1.3 Organization

In Section 2, we define some notation and introduce
the basic notions in [3,4] including the definition, the
coding procedure, basic properties, basic classes, and
the average codeword length of code-tuples. In Sec-
tion 3, we present our main results: we first give the
statements of Theorems 1-6 and then give the proofs
of theorems in Subsections 3.1-3.6, respectively. Lastly,
we conclude this paper in Section 4. To clarify the flow
of the discussion, we relegate the proofs of most of the
lemmas to Appendix A. The main notation is listed in
Appendix B.

2. Preliminaries

First, we define some notation based on [3,4]. Let |A]
denote the cardinality of a finite set A. Let A x B
denote the Cartesian product of A and B, that is, A x
B = {(a,b) : a € Ab € B}. Let A* (resp. A=K,
AZk A% A1) denote the set of all sequences of length
k (resp. of length less than or equal to k, of length
greater than or equal to k, of finite length, of finite
positive length) over a set A. Thus, AT = A*\ {A},
where )\ denotes the empty sequence. The length of a
sequence z is denoted by ||, in particular, |[A\| = 0. For
a sequence = and an integer 1 < i < |z|, the i-th letter
of z is denoted by x;. For a sequence & and an integer
0 < k < |z|, we define [z]; = z122...2;. Namely, [x]
is the prefix of length k of &, in particular, [x]p = A.
For a sequence  and a set A of sequences, we define
zA = {zy : y € A}. For a set A of sequences and an
integer k£ > 0, we define [A], == {[z]x : ® € A, |z| > k}.
For a non-empty sequence x = zixs...x,, we define
pref(z) = z1z2...2,—1 and suff(z) = zo...2h_12,.
Namely, pref(z) (resp. suff(z)) is the sequence obtained
by deleting the last (resp. first) letter from z. We say
x <y if x is a prefix of y, that is, there exists a sequence
z, possibly z = A, such that y = zz. Also, wesayz <y
ifz <yandz #y Wesayz Syifz Jyorz ~y.
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Let z Ay be denote the longest common prefix of £ and
y, that is, the longest sequence z such that z < z and
z < y. Ifz <y, then 'y denotes the unique sequence
z such that £z = y. Note that a notation ! behaves
like the “inverse element” of & as stated in the following
statements (i)—(iii).
(i) For any x, we have z 7'z = \.
(ii) For any x and y such that £ < y, we have zz 'y =

Y.
(iii) For any z,y, and z such that &y =< z, we have

(xy) 'z =y lz~lz.
The main notation used in this paper is listed in Ap-
pendix B.

In this paper, we consider binary source coding
from a finite source alphabet S to the binary coding
alphabet C := {0, 1} with a coding system consisting of
a source, an encoder, and a decoder. We consider an
independent and identical distribution (i.i.d.) source:
each symbol of the source sequence & € S* is deter-
mined independently by a fixed probability distribution
p:S — (0,1) € Rsuch that 3 s p(s) = 1. From now
on, we fix the probability distribution p arbitrarily and
omit the notation u even if a value depends on p be-
cause the discussion in this paper holds for any p. Note
that we exclude the case where p(s) = 0 for some s € S
without loss of generality. Also, we assume |S| > 2.

2.1 Code-Tuples

We introduce the notion of code-tuples [3,4], which con-
sists of some code tables f; and mappings 7; to deter-
mine which code table to use for each symbol.

Definition 1 ( [3, Definition 1], [4, Definition 1]).
Let m be a positive integer. An  m-code-tuple
F(fo, f1y-os fmn—1,70,T1y- -y Tm—1) s a tuple of m
mappings fo, f1,---y fm_1: S — C* and m mappings
T0, Tlye-vyTm—1:S — [m] == {0,1,2,...,m — 1}. The
set of all m-code-tuples is denoted by F(™ . A code-
tuple is an element of F = FOU.ZRAUZG) U....

We write a code-tuple F'(fo, f1,---, fm—1,T0,T1,
.oy Tm—1) also as F(f,7) or F for simplicity. The
number of code tables of F' is denoted by |F|, that is,
|F| :=m for F € #(™). A notation [F] is a shorthand
for [|F|] ={0,1,2,...,|F| —1}.

Example 1. Table 1 shows three examples F(®), F(8)
and FO) of a 3-code-tuple for S = {a,b,c,d}.

Next, we state the coding procedure specified by
a code-tuple F(f,7). First, the encoder and decoder
share the used code-tuple F' and the index i € [F] of
the code table used for the first symbol z; of the source
sequence in advance. Then the encoding and decoding
process with F' is described as follows.

e Encoding: The encoder reads the source sequence
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Table 1 Three examples of an code-tuple: F("‘>(f(o‘),‘r<"‘))7
ltr(ﬁ)(f(ﬁ)ﬂ-(ﬁ))7 and FW)(f(“/),‘r(“/))

seS féa) T(ga> fl(a) 7_1(04) f2(a) 7_2(04)
a 01 0 00 1 1100 1
b 10 1 A 0 1110 2
c 0100 0 00111 1 111000 2
d 01 2 00111 2 110 2
ses [ 10 T P B

a A 1 0110 1 A 2
b 101 2 01 1 A 2
c 1011 1 0111 1 A 2
d 1101 2 01111 1 A 2
seS éw) Tév) fl(v) 7_1(W) f2(v) 7_2(“/)
a A 1 0000 1 0100 2
b 110 2 00 2 01 2
[¢ 1110 0 0011 1 10 1
d 1111 1 10 0 1011 0

T =1x1T2...T, € S* symbol by symbol from the
beginning of  and encodes them according to the
code tables. The first symbol x; is encoded with
the code table f;,. For x4, 23, ..., %y, we determine
which code table to use to encode them according
to the mappings 79, 71,...,Tm—1: if the previous
symbol x;_; is encoded by the code table f;, then
the current symbol x; is encoded by the code table
f‘rj (Ti—1)-

e Decoding: The decoder reads the codeword se-
quence f(z) bit by bit from the beginning of f(z).
Each time the decoder reads a bit, the decoder
recovers as long prefix of & as the decoder can
uniquely identify from the prefix of f(z) already
read.

Let ¢ € [F] and & € S*. Then f/(z) € C* is
defined as the codeword sequence in the case where x1
is encoded with f;. Also, 7/(x) € [F] is defined as
the index of the code table used next after encoding x
in the case where z; is encoded with f;. The formal
definitions are given in the following Definition 2 as
recursive formulas.

Definition 2 ( [3, Definition 2|, [4, Definition 2]). For
F(f,7) € Z and i € [F], the mapping fF: S* — C*
and the mapping 7 : 8* — [F] are defined as

N A if T =
fil@) = {fi(xl)f:i(zl)(suﬂ(m)) ifz 2y D
won )t ifx =)\,
= {r:im)(suff(x)) gorr O

forx =x129...20, € S*.
The next Lemma 1 follows from Definition 2.

Lemma 1 ( [3, Lemma 1|, [4, Lemma 1]). For any
F(f,7) € #, i € [F], and z,y € S*, the following

statements (i)—(iii) hold.
(i) fi(=y) = f; (m)f;} (m)(y)-
(i) 77" (xy) = 77 (o) (¥)-
(iii) Ifz 2y, then f7(z) 2 [ (y).

2.2 k-bit Delay Decodable Code-Tuples

A code-tuple is said to be k-bit delay decodable if the
decoder can always uniquely identify each source sym-
bol by reading the additional & bits of the codeword
sequence. To state the formal definition of a k-bit de-
lay decodable code-tuple, we introduce the following
Definitions 3.

Definition 3 ( [4, Definitions 3 and 4]). For an integer
k>0, F(f,r) € Z,i € [F], and b € C*, sets Pk ,(b)
and Pf,;(b) are defined as

P?,i(b) ={ceCr:zcS" st

(fi (®) = be, fi(z1) =)}, (3)

ﬁ?,i(b) ={ce Ck:3x e St st
(ff(x) = be, fi(x1) = b)}.  (4)
Also, for F'(f,7) € #,i € [F], and b € C*, sets Py, ;(b)
and ﬁ;yi(b) are defined as
Phi(b) =P, (b) UPE (D) UPE,(B)U---, (5)
Ppi(b) =Py (b) UPE,(b) UPE,(b)U---. (6)

We write P ;(A) (vesp. Py ; (X)) as P, (resp. Pf;)
for simplicity. Also, we write Py ;(A) (resp. Pj;(\)) as
P (vesp. Py ;). Note that

Pr,={ceC’: Iz eSSt st. f(x)=c}

={ceCt:xcS st fi(z)>=c} (7)
Also, note that for any integer k > 0, F € .%,i € [F],
and b € C*, we have

Prid) = [Pr®)], . Pri®) = [Pr®)],. (8)
Moreover, the following lemma holds.

Lemma 2. For any F(f,7) € &, i € [F], and b € C*,
we have

75;,1‘ (b) = U bilfi (S)Ip;,n(s)' (9)
SES,

Proof of Lemma 2. For any ¢ € C*, we have
c € Pp(b)

L 35 € 8t st (file) = b, f7 (@) = be)
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— Tse8,xc8 st (fils) = b, fi(sz) = be)

— FseS,zxeS st

(fi(s) = b,b_lfi(s)f:i(s)(x) = c)
L e S st (fils) = be b fi(s)Pho )
= ce |J b7 i(9)Phr(e)
SES,
Fi(s)sb

where (A) follows from (4) and (6), and (B) follows
from (5) and (7). O

By using Definition 3, the condition for a code-
tuple to be decodable in at most k-bit delay is given as
follows. Refer to [4] for detailed discussion.

Definition 4 ( [4, Definition 5]). Let k > 0 be an in-
teger. A code-tuple F(f,7) is said to be k-bit delay
decodable if the following conditions (a) and (b) hold.

(a) For any i € [F] and s € S, it holds that ,P’}g,n(s) N
Pii(fi(s)) = 0.

(b) Foranyi€ [F] ands,s’' €S, ifs# s and fi(s) =
fi(s)), then Pf;)n(s) N Pllfﬂyn(s,) =

For an integer k > 0, the set of all k-bit delay decod-
able code-tuples is denoted by Fi_dec, that is, Fi_dec =
{F € % : F is k-bit delay decodable}.

The classes Zi_ qec, k = 0,1,2,... form a hierar-
chical structure: %p.dec C Fidec C Fodec C -+- |3,
Lemma 2].

Remark 1. A k-bit delay decodable code-tuple F
is not necessarily uniquely decodable: the mappings
o, i f|*F\—1 are not necessarily injective. For ex-
ample, for F(f,7) = F® € P 4o in Table 1, we
have fo*(bc) = 1000111 = fo*(bd). In such a case, we
should append additional information for practical use.

2.3 Extendable Code-Tuples

The code-tuple F(f,7) := F in Table 1 is 1-bit delay
decodable by Definition 4. However, we have fo™(z) =
A for any € §*. To exclude such abnormal and useless
code-tuples, we introduce a class F.y in the following
Definition 5.

Definition 5 ( [4, Definition 6]). A code-tuple F' is said
to be extendable if PL, # 0 for any i € [F]. The set
of all extendable code—tﬁples is denoted by Fexy, that is,
Foxp ={F € F:Vic [F], P, # 0}.

By the following Lemma 3, for an extendable code-
tuple F(f,7), we can extend the length of f(z) up to
an arbitrary integer by extending x appropriately.

Lemma 3 ( [4, Lemma 3|). A code-tuple F(f,7) is
extendable if and only if for any i € [F] and integer

IEICE TRANS. 7?7, VOL.Exx-77, NO.xx XXXX 200x

1 >0, there exists x € S* such that | f(z)| > L.

2.4 Average Codeword Length of Code-Tuple

In this subsection, we introduce the average codeword
length L(F) of a code-tuple F. First, we state the
definitions of the transition probability matrix and sta-
tionary distributions of a code-tuple in the following
Definitions 6 and 7.

Definition 6 ( [3, Definition 6], [4, Definition 7]). For
F(f,7) € .F, the transition probability matrix Q(F') is
the |F| X |F| matriz which (i,7) element is

Qij(F)= > uls) (10)

sES,Ti(s)=j

for i,5 € [F]. Namely, Q;;(F) is the probability of
using the code table f; next after using the code table
fi in the encoding process.

Definition 7 ( [4, Definition 8|). For F € %, a so-
lution w = (mg, 1, ..., p|—1) € RIFI of the following
simultaneous equations (11) and (12) is called a sta-
tionary distribution of F':

7Q(F) =m, (11)
o omi=1 (12)
iE[F)

It is guaranteed by [4, Lemma 6] that every code-
tuple has at least one stationary distribution ® =
(mo, 71,5 ..., T p|—1) such that m; > 0 for any i € [F].
A code-tuple with a unique stationary distribution is
said to be regular as Definition 8. The average code-
word lengths are defined for regular code-tuples by the
unique stationary distribution as Definition 9.

Definition 8 ( [3, Definition 7] [4, Definition 9]).
A code-tuple F is said to be regular if F has a
unique stationary distribution. The set of all regu-
lar code-tuples is denoted by Freg, that is, Freg =
{F € F : Fisreqular}. For F € Fycq, the unique
stationary distribution of F is denoted by w(F) =
(7T0(F),7T1(F),...,7T|F|,1(F)).

The class g is characterized by the following
lemma.

Lemma 4 ( [4, Lemma 8|). For any F € %, the fol-
lowing statements (i) and (ii) hold:

(i) F € Freg if and only if Ry # 0;
(ii) if F € Freg, then Rp = {i € [F] : m(F) > 0},

where
Rp={i€[F]:7j€[F],z S st 7/(z)=1}.

Definition 9 ( [3, Definition 8], [4, Definition 10]).



HASHIMOTO and IWATA: PROPERTIES OF OPTIMAL K-BIT DELAY DECODABLE ALPHABETIC CODES

For F € F,cq, the average codeword length L(F') of
the code-tuple F is defined as

L(F) =Y mi(F) ) |fils)lus). (13)

i€[F) sES

Remark 2. Note that Q(F), L(F), and w(F) depend
on p and we are now discussing a fived p. On the other
hand, the class Frog is determined independently of p
since Ry does not depend on i and Lemma 4 (i) holds.

The code tables f; of F' € F,s such that m;(F) =
0, equivalently ¢ ¢ Rr by Lemma 4 (ii), do not con-
tribute to the average codeword length L(F') by (13).
It is often convenient to remove such non-essential code
tables. A code-tuple is said to be irreducible if it does
not have any non-essential code tables.

Definition 10 ( [4, Definition 13]). A code-tuple F is
said to be irreducible if Rp = [F]. We define Fiyy as
the set of all irreducible code-tuples, that is, Fi, =
{FeZ% :Rp=I[F|}

Note that %, = {F € & : Rp = [F]} C{F €
ﬁ:RF;&(Z)}:,]@}eg.

2.5 Alphabetic Code-Tuples

We now define alphabetic code-tuples adding the con-
straints of alphabetic codes to code-tuples. We fix an
arbitrary total order <s on § and define a total order
<con C as 0 <¢ 1. We consider the lexicographical
order between sequences, defined as the following Def-
inition 11.

Definition 11. For a totally ordered set (A, <), the
lexicographical order <* on A* is defined as follows:
forx,y € A*, it holds that £ <* y if and only if at least
one of the following conditions (a) and (b) hold.

(a) z 2 y.

(b) There exists an integer 1 < i < min{|z|, |y|} such
that the following two conditions (bl) and (b2)
hold.

(bl) x; < y;.
(b2) x; =y, for any integer 1 < j < i.

We sayx <*y ifx <*y and x £* y.

Then we define an alphabetic code-tuple as a code-
tuple that preserves the lexicographical order no matter
which code table we start the encoding process from.
Note that the following definition allows f}(z) S f/(y)

as well as ff(z) <} f7(y) even if & <5 y (cf. Remark
3).

Definition 12. A code-tuple F' is alphabetic if for any
i € [F] andz,y € S*, if x <% y, then at least one of
fr@) S fr(y) and fr(z) <G fi(y) holds. We define
Falpha 65 the set of all alphabetic code-tuples.

Example 2. The code-tuple F'(f,1) = F(®) in Table 1
is not alphabetic because b <% c, fi(b) =10 ¥ 0100 =
fi(c) and f7(b) = 10 £5 0100 = f¢ (c).

The code-tuple F(f,7) = F®) in Table 1 is not
alphabetic because a <35 ba, fi(a) = 0110 ¥ 010110 =
f£(ba) and f(a) = 0110 £} 010110 = £ (ba).

The code-tuple F(f,7) = F) in Table 1 is al-
phabetic. For example, we have fi(ba) = 1100100
11001 = f5(bb) and f{(ba) = 000100 < 0011
£2(0).

Remark 3. The natural definition of alphabetic codes
is that x <% y implies f¥(x) <t f(y). However,

1y

our definition of alphabetic code-tuples allows f}(x) &
1 (y), that is, one codeword sequence is a prefiz of the
other. By this definition, the class of alphabetic code-
tuples includes alphabetic AIFV codes [2]. This def-
inition is reasonable because it is expected that when
considering a sufficiently long (or infinitely long) en-
coding process, we have f7(x) £ f7(y) and thenz <5y
implies f}(x) <t f(y). In practical use, we should
append appropriate k bits to the end of the codeword
sequence in the same manner as [2] so that x < y
necessarily implies f(x) <; f(y).

For example, we consider F(f,7) = FO) in Table
1, £ == bca and y := becb. Then ff(x) = 00100000 £}
001000 = f{(y); however, by appending 01 to f{(y), we
can make f; (x) = 00100000 <} 00100001 = f; (y)01 in

practical use.

Remark 4. Since ff(x) = fF(y) implies f}(x) <}
[+ (y) by Definition 11 (a), the condition “at least one
of J7 (@) £ fi(y) and f7(z) < [i(y)” in Definition
12 can be rewritten as a simpler form “at least one
of fX(x) » fr(y) and f*(x) <t f(y)”. However, we
adopt the former here for convenience in the later proofs
and for the sake of clarity that it is allowed that one
codeword sequence is a prefix of the other as stated in
Remark 3.

From now on, we write <% and <{ simply as < by
an abuse of notation. Similarly, we write <3 and <¢
simply as <.

To check whether a code-tuple is alphabetic, we
only need to check for  and y with z; < y; as shown
in the following lemma. See Subsection A.1 for the
proof of Lemma 5.

Lemma 5. A code-tuple F(f,7) is alphabetic if and
only if for any i € [F] and z,y € S*, if v1 < y1, then
at least one of fi(x) S fF(y) and f}(z) < f7(y) holds.

3

For an integer £ > 0 and sequences z and y, we say
x <pyif [x| > k,|y| > k, and [z], < [y],. Note that
the meaning of & <j, y includes that || > k and |y| > &k
hold. Similarly, £ =5 y denotes that |z| > k, |y| > k,
and [z], = [y],. Also, xz <; y denotes that x| > k, |y| >
k, and [z], < [y],. Notice that the binary relation <j
satisfies the transitivity but not the antisymmetry.



To state our main results in the next section, we
also define a set Q% . as the “range” between the lexico-

graphical minimum and maximum of 731’?71., respectively.

Definition 13. For an integer k > 0, F(f,7) € %,
and i € [F], we define

Qf,={ceCt:%dd eP}, st.d<c<d}

={ceCr:%z,2 €S st fi(x) <pc<i fi(x)}
14

For F(f,7) € % and i € [F], we define
Q},i = Q??,i U Q}T,i U Q%‘,i .-

By analogy of Lemma 2, we also define a set
Qi(b).

Definition 14. For any F € #,i € [F]| and b € C*,
we define

Q)= |J Pk )]
fis(iss;b

)

For F(f,7) € #, i€ [F], and b € C*, we define
Q},i(b) = Q%z(b) U Q}m(b) U QQFz(b) U---
Example 3. Let F := F) in Table 1. Then we have
Q% = {00,01,10,11} since P#, = {00,10,11};

Q%1 ={00,01,10} since P, = {00,10};
Q%5 = {01,10} since P, = {01,10};

%.,(00) = {0000,0001,0010, 1100, 1101, 1110};
04, (01) = {0001, 0010}.

Note that for any integer k£ > 0, it holds that
Ql;‘,i = [Q}',z:l k Qllg,l(b) = [Q;z(b)]k .

As general properties of the sets in Definitions 13 and
14, we have the following Lemmas 6-8. See Subsections
A.2-A 4 for the proofs, respectively.

Lemma 6. For any F € .F and i € [F], the following
statements (1)—(iv) hold.

(i) For any integer k > 0, we have Pg, € Q..
(ii) For any integer k > 0 and b € C*, we have
Pii(b) € Qf;(b).
(iii) For any x € S8*, we have fi*(x)Q}’T;(m) C %}Z
(iv) For any integer k >0, beC*, andce Qf,(b),
there exist d,d’ € Pllf—ﬁ(b) such thatd <e <d'.

The next Lemma 7 is an analog of Definition 4.

Lemma 7. For any integer k > 0 and F € Fp_goc N
Falpha, the following statements (i) and (ii) hold.

i) For any i € [F] and s € S, we have Q% _ . N
(i) 4 [ ; F,7i(s)
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QfFi(fi(s) = 0.
(ii) For anyi € [F] ands, s’ €S, if s # s and fi(s) =
fi(s'), then Q’},n(s) N Q’f;,n(s,) = 0.

The next Lemma 8 is used in several proofs later
to show the condition of Lemma 5.

Lemma 8. Let k > 0 be an integer, and let F(f,7) €
Fr-dec N Faipha and F'(f',7') € Fexy be code-tuples
such that |F| = |F'|. Also, let i € [F] be an index
satisfying the following conditions (a) and (b).

(a) For any s € S, it holds that f;(s) = fl(s).

K2

. k k
(b) For any s € S, it holds that QF/J{(S) < QF,Ti(s)‘

Then for any z,y € ST such that x1 < y1, we have

fi @) 2 fi*(y) or f* (@) < f* (y)-

3. Main Results

This section presents our main results on code-tuples
that achieve the optimal average codeword length in
the class F' € Freg N Foxt N Fh-dec N Falpha for k > 0.

Definition 15. Let k > 0 be an integer. A code-tuple
F € Frog N Foxt N Fl-dec N Falpha 5 k-bit delay alpha-
betic optimal if for any F' € Freg N Foxt N Frdec N
Falpha, it holds that L(F) < L(F"). We define Fi-aopt
as the set of all k-bit delay alphabetic optimal code-
tuples.

We first state Theorems 1-3 related to k-bit delay
alphabetic optimal code-tuples for & > 0. They can
be viewed as modifications of [4, Theorem 1|, [4, The-
orem 2|, and [3, Section III] for alphabetic codes, re-
spectively. Then summarizing Theorems 1-3, we ob-
tain Theorem 4, which limits the scope of codes to be
considered when discussing k-bit delay alphabetic op-
timal codes in theoretical analysis and practical code
construction. Furthermore, we show that for k = 1, at
most one prefix-free code table is sufficient to obtain
a 1-bit delay alphabetic optimal code-tuple. We also
show for £ = 2 that it suffices to consider only code-
tuples satisfying certain conditions to obtain a 2-bit
delay alphabetic optimal code-tuple.

We first present the statements of six theorems and
give their proofs in Subsections 3.1-3.6, respectively.

Theorem 1. For any integer k > 0 and F € Freg N
Fext N Fl-dec N Falpha, there exists Ft € F satisfying
the following conditions (a)~(d), where 2} = {Pf, :
i€ [F]}.

(a) Ft € Fir N ﬁext N <ﬂ\k—dec N <g\alpha'
(b) L(F1) < L(F).

(c) 91]37 C Pp.

() |75, = |F.

Applying Theorem 1 to F' € Fj.qopt, We obtain
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the following corollary.

Corollary 1. For any integer k > 0, there exists F' €
Fr-aopt N Ty such that | 2| = |F|.

Note that |#%| = |F| is equivalent to that
731]370,771’371,...,79;‘”_1 are distinct. Therefore, The-
orem 1 guarantees that it suffices to consider only the
code-tuples F' such that 73}?’0, 731’3’1, .. ,Pllfﬂ,‘Flfl are dis-
tinct when discussing k-bit delay alphabetic optimal
code-tuples. In particular, since the number of possi-
ble sets as ’Pféi C CF is finite, it is not the case that
one can achieve an arbitrarily small average codeword
length by using arbitrarily many code tables, and we
can show that a k-bit delay alphabetic optimal code-
tuple does exist indeed by almost identical discussion
to [4, Appendix B].

The next Theorem 2 gives a necessary condition
for a k-bit delay alphabetic code-tuple to be optimal.

Theorem 2. For any integer k > 0, F' € Fi_aopt,
i € Rp, and b € CZF, if [b]), € Qlf;,i, then b € Pr. ;.

Corollary 2. For any integer k > 0, F € Fp_aopt N
Firr, and i € [F], we have PE, = OF, ..

Proof of Corollary 2. By Lemma 6 (i), we have Pllfﬂ’i C
Q’j;’i. Conversely, for any b € Q’}J, we have b € 73}’?—,71 by
Theorem 2; therefore, it holds that Pllfﬂ’i ) Q%’i. O

Applying Theorem 2 to the case k = 0, we obtain
Pr,; = C*. Thus, Theorem 2 can be viewed as a gen-
eralization of the property of Huffman codes that each
internal node in the code tree has two child nodes.

Theorem 3. For any integer k > 0 and F € Freg N
Fext N F-dec N Falpha, there ezists F' € Freg N Fexy N
Fr-dec N Falpha N Fiork such that L(F') = L(F), where
For = {F € F : Vi € [F],Pp,; ={0,1}}.

Applying Theorem 3 to F' € Fi_qopt leads to the
following corollary.

Corollary 3. For any integer k > 0, we have Fi_aoptN
yfork # @

Theorem 3 shows that it suffices to consider only
the code-tuples such that both 0 and 1 are possible as
the first bit of some codewords.

Summarizing the results above, we obtain the fol-
lowing theorem.

Theorem 4. For any integer k > 0, there exists

F(f,7) € Fr-aopt N Firx satisfying the following con-

ditions (a)—(c).

(a) The sets 771’?7,0, 7711371, ..., Pk \F|—1 are distinct.

(b) If k> 1, then for any i € [F], it holds that Pf,; =
Q. 2 {0171, 1051}, where 051 (resp. 1%71)
denotes the concatenation of k — 1 copies of 0

(resp. 1).

(c) The mappings fo, f1,..., fip|—1 are injective.

Namely, to obtain a k-bit delay alphabetic optimal
code-tuple, it suffices to consider only irreducible code-
tuples satisfying the conditions (a)—(c) above. The con-
dition (b) means that each 731’?;’1- occupies a “lexicograph-
ically contiguous” interval of C* and contains 01*~! and
10%~1. Namely, each Pllfﬂ’i is represented as Pﬁi ={ce
C* : 0d < ¢ < 1d'} by some d,d’ € C¥~1. Since the
number of ways to choose a pair of d,d’ € C*! is
(2F=1)2 and the sets 73}?70,77?;71,...7?}3,‘1;'_1 are dis-
tinct by Theorem 4 (a), we obtain the following upper
bound of the necessary number of code tables to be
optimal.

Corollary 4. For any integer k > 0, there exists a k-
bit delay alphabetic optimal code-tuple consisting of at
most 221 injective code tables.

The iterative algorithm in [16] gives a code-tuple
optimal in the class of k-bit delay alphabetic code-
tuples that satisfy the conditions (a)—(c) of Theorem
4. By Theorem 4, the code-tuple given by the itera-
tive algorithm [16] is optimal in the entire class of k-bit
delay alphabetic code-tuples. Therefore, we can obtain
a k-bit delay alphabetic optimal code-tuple for a given
source distribution by using iterative algorithm in [16].

In addition to the results above for general integers
k > 0, we obtain, in particular, Theorem 5 for k = 1
and Theorem 6 for k = 2.

Theorem 5. F1_qopt N (FN N Fygec) # 0.

Since there exists F' € Fiqopy such that F €
FWU N Po.qec by Theorem 5, it suffices to consider
only code-tuples consisting of a single 0-bit delay de-
codable (i.e., prefix-free by [3, Lemma 4]) code table
to obtain a 1-bit delay alphabetic optimal code-tuple.
In particular, a 1-bit delay alphabetic optimal code-
tuple can be obtained as an alphabetic Huffman code by
Hu-Tucker’s algorithm [1]. Theorem 5 corresponds to
the result of [3] that an optimal 1-bit delay code-tuple,
which is not necessarily alphabetic, can be obtained as
a Huffman code.

Also, the following Theorem 6 claims that it suf-
fices to consider only code-tuples satisfying the three
conditions below to obtain a 2-bit delay alphabetic op-
timal code-tuple.

Theorem 6. There exists F' € Fa_qopt NFirr satisfying

the following conditions (a)—(c).

(a) For anyi € [F], s,s' €S, andb € C=!, if s # &,
then fi(s)b # fi(s').

(b) For any i € [F] and s € S, if |fi(s)] > 1, then
|P12¢’Ti(s)| + [P}, (fi(s))| = 4. In particular, for
any i € [F] and s € S, if Py (fi(s)) = 0, then
PF sy = 100,01,10, 11}

Ti(s



(¢) {{00,01,10,11}} € 22 C {{00,01,10,11},{00,01,

10},{01,10,11},{01,10}} and |2%| = |F|.

Note that Theorem 6 (a) implies that all code
tables are injective, and Theorem 6 (c) implies that
it suffices to consider at most four code tables such
that P7, = {00,01,10,11},P3, = {00,01,10}, P, =
{01,10,11}, P4, = {01,10}. Considering the code
trees corresponding to the code tables, Theorem 6 (a)
means that a node with a source symbol does not have
a child with a source symbol. Also, Theorem 6 (b) im-
plies that a leaf node must have a transition to the code
table f; with PFZ ={00,01, 10, 11}.

Alphabetic AIFV codes [2| are code-tuples in
Freg N Foxt N Fo-dec N Falpha satisfying the three con-
ditions (a)—(c) above. They use three code tables such
that PFO = {00,01,10,11}, PFl = {01, 10,11}, PF2 =
{00, 01, 10} There exists a source distribution p such
that an optimal alphabetic AIFV code is not 2-bit
delay alphabetic optimal. Namely, three code ta-
bles are not sufficient to guarantee the optimality in
Freg N Fext N Fadec N Falpha- On the other hand, four
code tables are sufficient by Theorem 6.

The literature [2] also proposes an algorithm to
give an optimal alphabetic AIFV code. We can easily
modify this algorithm to obtain a code-tuple optimal in
the class of 2-bit delay alphabetic code-tuples satisfying
the conditions (a)-(c) of Theorem 6. Then the code-
tuple given by the modified algorithm is 2-bit delay
alphabetic optimal as guaranteed by Theorem 6.

3.1 Proof of Theorem 1

The proof of Theorem 1 is almost identical to the proof
of [4, Theorem 1|. However, several lemmas are mod-
ified for alphabetic code-tuples. We state only differ-
ences here.

The first lemma to be modified is [4, Lemma 7],
which shows properties of a homomorphism defined in
the following Definition 16 (identical to [4, Definition
11)).

Definition 16 ( [4, Definition 11]). For F(f, 1), F'(f,
') € F, a mapping ¢: [F'] — [F] is called a ho-
momorphism from F' to F if fi(s) = fuu)(s) and
@(77(8)) = Ty(i)(s) hold for any i € [F'] and s € S.

This lemma [4, Lemma 7] is replaced with the fol-
lowing Lemma 9. The statements (i)—(vi) are identical
to [4, Lemma 7], and the statement (vii) is added.

Lemma 9. For any F(f,7),F'(f',7) € # and a ho-

momorphism ¢: [F'] — [F] from F' to F , the following
statements (1)—(vii) hold.

(i) For any i € [F'] and x € S*, we have f[*(x) =

120y (@) and o(r*(@)) = 7% 0 (2).

(ii) For any i € [F'] and b € C*, we have Pg, ;(b) =

o) () and P 5(b) = _}*,’So(i)(b).
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(iii) For any stationary distribution ©' = (w}, 7, ...,
W\/F/|71) of F', the vector® = (o, T1,...,Mp|—1) €
RIFI defined as m; = Y jrea, Ty for j € [F]is a
stationary distribution of F, where A; = {i’
[F'] : (') = i} fori € [F].

(iv) If F € Poxs, then F' € Foyy.

(v) If F,F' € Freq, then L(F') = L(F).

(vi) For any integer k > 0, if F € Py gec, then F' €
<g\k-dcc-

(Vii) ]fF S yalphay then F' € yalpha-

Proof of Lemma 9 (vii). Choose i € [F| and z,y € S*
such that x < y arbitrarily. By F' € Faipha, at least
one of f%,\(x) & f3,(y) and f} ;) (z) < f7,(y) holds.
Hence, by (i) of this lemma, at least one of f/*(z) S
[ (y) and f/*(x) < f/*(y) holds as desired. O

Also, [4, Lemma 12] is replaced with the following
Lemma 10. The statements (i)—(iii) are identical to [4,
Lemma 12], and the statement (iv) is added.

Lemma 10. Let k > 0 be an integer and let F(f,7) and
F'(f',7') be code-tuples such that |F| = |F'|. Assume
that the following conditions (a) and (b) hold.

(a) fi(s) = fl(s) foranyi € [F] and s € S.
(b) Pllg,n(s) = Pf?;{(s) foranyi € [F] and s € S.

Then the following statements (1)—(iv) hold.

(i) For any i € [F'] and b € C*, we have Pf ;(b) =
,Péj‘w’l(b) and ,ﬁ}cpvl(b) = Ipf‘vz(b)

(ii) If F € Foxs, then F' € Foxs.

(iii) If F € Pk dec, then F' € Fp_qec-
(IV) ]fF c }\cxt N yk-dcc N yalpha; then F/ € yalpha-

Proof of Lemma 10 (iv). By Lemma 5, it suffices to
prove that for any ¢ € [F’] and z,y € ST such that
r1 < y1, we have fI*(z) S fI*(y) or fI*(z) < fI*(y).
Since F' € Foy by (ii) of this lemma, it suffices to
confirm that Lemma 8 (a) and (b) hold for any i € [F].
(Lemma 8 (a)) Directly from (a) of this lemma.
(Lemma 8 (b)) For any i € [F] and s € S, we have

@»)
= PFT/(S = ,PFTl(S (16)

where (A) follows from (i) of this lemma, and (B) fol-
lows from (b) of this lemma. This implies Q’},J,(S) =

Q%n(s) by Definition 13. O

,P;;/,T(

3.2 Proof of Theorem 2

The proof of Theorem 2 is similar to the proof of [4,
Theorem 2|, and thus some parts of the proof can be
diverted without changing. We focus on the differences
primarily here.

Proof of Theorem 2. We prove by contradiction assum-
ing that there exist i € Ry and b € C=F that do not
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satisfy the assertion. Assuming i = |F'|— 1 without loss
of generality, we may suppose

b¢ Prip—1: [blk € Q];“,|F\—1- (17)
By (17), we have
bl > 1" = max [b A Sy (2)] (18)
Then we have
" € S*, fip_1(®) F biby . by, (19)
and we have
flrj—1 (&) = biba .. by, (20)
for some z’ € §*, which we may assume that satisfy
@) =1 +1 (21)
by Lemma 3. By (19)—(21), we must have
fleia (@) = biba . byrbyg, (22)

where ¢ denotes the negation of ¢ € C, that is, 0 := 1
and 1 := 0. By (19) and (22), we obtain

de P;‘,\F|—17 pref(d)d; ¢ ,P;‘,|F|—1 (23)
defining
d= d1d2 . dl = b1b2 N b116l1+1, (24)

where [ := [’ + 1. This implies that for any z € §*, we
have

flp—1(@) = pref(d) = fip_1(z) = d. (25)

We define the code-tuple F’ as follows. Put L :=
|F|(|d] + 1) = |F|(I + 1) and M = |S<L|. We number
all the sequences of S=L as z2(0) z(1) 2(2) (M-1)
in any order but 2(0) .= X\. For 2/ € S=F, we define
('Y == |F| — 1 + t, where t is the integer such that
2 = 2’. Note that (\) = |F| — 1 since 2(® = A
We define the code-tuple F’ e FUFI=14+M) congist-
ing of fo, fi,---, f|lp‘_1a f(lz(l)>7f</z(2)>a cee f(’z(M—1)> and

/ /

Thy Ty - - ’T\/F|_1’ Ty Tia@yr T<’Z(M_1)> as
£(s) frey, () if i = (z) for some z € S=L,
(s) =
' fi(s) otherwise,
(26)
(zs) if i = (2) for some z € SSE~1
7i(s) = { iy (28) if i = (2) for some z € S,
7:(s) otherwise
(27)

for i € [F'] and s € S. Then F” satisfies the following

Lemma 11 [4, Lemma 16].

Lemma 11 ( [4, Lemma 16]). For any z € SSE, the
following statements (i) and (ii) hold.

(i) 73 (2) = (2)-
(i) (2) € Rpr.
The code-tuples F and F’ are equivalent in the

sense of the following Lemma 12, which can be shown
by the same argument as the proof of [4, Theorem 2].

Lemma 12. The following statements (1)—(iii) hold.

(i) For any i € [F] and z € S§*, we have fI*(x) =
i (@).
(ii) For any i € [F], we have P, ; = Pp,;.
(iii) F e jreg N Foxt N jalpha N Fr-dec and L(F’) =
L(F).

Next, we define a code-tuple F” € Z(F'D) as

713 (&) pref(@)d=" £, (z5)
if i = (2) and f3,(2) <d = [}, (2s)

1
Jils) = for some z € S=F,
1i(s) otherwise,
(28)
7;'(s) =7i(s) (29)

for i € [F"] and s € S. Then F” satisfies the follow-
ing Lemmas 13-15. Lemma 13 is shown in [4, Lemma
17], and the proofs of Lemmas 14 and 15 are given in
Subsections A.5 and A.6, respectively.

Lemma 13 ( [4, Lemma 17]). The following statements
(i)—(iii) hold.

(i) For any z € S<F and x € S<L=1#| we have

iy (@)~ tpref(d)d=" f15, (22)

P15 <d =< (), (30)

[ (@)

(ii) For any z € S<L and s,s' € S, if f<’;>(s) =<
[y (8)), then fi,,(s) < fl,y(s").

(iii) For any x € S=L, we have oy @) =115, @) =
]+ 1 and |5 ()] = [d].

o) (@) =

otherwise.

Lemma 14. The following statements (i)—(iii) hold,
where J = ([F'] \ (\) U{(z) : 2 € S} = [F']\ {(2) :
z € SSL1)
(i) For anyi € J and s € S, we have f!'(s) = fl(s).
(ii) (a) Q’fw,(x) < Qlkw,(A)'
(b) For any i € J, we have Q]}Cw/’i - Qk,,i.
(ili) For any i € J and b € C*, we have Qf., ;(b) C
Ok ;(b).
Lemma 15. F" € Freg N Foxt N Frodec N Falpha and
L(F") < L(F").
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Then we conclude that F' € FregNFext N Fp-decN
Falpha and L(F") < L(F') = L(F) by Lemmas 12 and
15. This conflicts with F' € % qopt and completes the
proof of Theorem 2. O

3.3 Proof of Theorem 3

We can prove Theorem 3 in a similar way to [3, Section
ITI]. First, we introduce rotation, which is an operation
of transforming a code-tuple F' to another code-tuple
F defined as follows.

Definition 17 ( [3, Definition 10]). For F(f,7) €
Fext, we define F(f,7) € FUED as follows: fori € [F]
and s € S,

7ogy o 4 Fil8)drri) if P}, =1{0,1},
fl( ) . {buﬁ.(fl( )dF;ri(S)) Zf’P%',z 7é {0, 1}, (31)
7i(s) = 7i(s), (32)

where
0 if Pp,; ={0},
drpi =<1 if 7311,)1» = {1}, (33)
A ifP}m ={0,1}.

We state as the following Lemma 16 (i) that ro-
tation preserves the key properties of a code-tuple,
which is shown in [3, Section III]. Also, [3, Section
ITI] shows that any code-tuple can be transformed into
a code-tuple in %, by rotation in a repetitive man-
ner. Therefore, to complete the proof of Theorem 3, it
suffices to prove that rotation also preserves the alpha-
betic property, that is, Lemma 16 (ii) holds.

Lemma 16. For any F(f,7) € ZFexs, the following
statements (1) and (ii) hold.

(i) For any integer k>0,if Fe regﬂgzext NP -dec,
then F € Freg N Foxt N Fi-dec and L(F) L(F).

(ii) If F e ﬁalpha; then F S g\alpha-

The proof of Lemma 16 (ii) relies on the following
lemma.

Lemma 17. For any F(f,7) € Fext, @ € [F], and x €
S*, there exists z € §* such that f;(x2z) = dr;f(x).

Proof of Lemma 17. By F € Zeyy, there exist z € §*
and c € C such that f* oy )(2) = c. Then we see that

Jro @) (2) = dp gy (@) (34)
as follows.
e In the case Pp; = {0,1}, we have f* *(m)( ) = A=
dp,r+ (z)-

e In the case Pp,; = {b} for some b € C, it must
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holds that b = ¢ since f**(x)(z) > ¢. Hence, we

have f *(z)( ) t CcC = b = dF,Ti*(:D)'

Thus, we have

1 Fr@) D 1 @) e 2 fr(@2)  (35)

as desired, where (A) follows from [3, Lemma 5|, and
(B) follows from (34). O

Proof of Lemma 16 (ii). Choose i € [F] and z,y € ST
such thﬂ r1 < 1 arbitrar/ily. We prove that at least
one of f7(z) S f7(y) and f/(z) < f/(y) by contradic-
tion assuming that

By Lemma 17, there exist z,2’ € §* such that

Ii(xz) = dF,i?i;(x)a fiye') = sz'F( ). (37)

By (36) and (37), we have ff(zz) ¥ f/(y2') and
[ (zz) > f}(yz'). On the other hand, we have zz < y2’
since 1 < y;. This conflicts with F' € F,pha by
Lemma 5. ]

3.4 Proof of Theorem 4

Proof of Theorem 4. By Theorem 3, there exists F' €
Fr-aopt N Fhork- By Theorem 1, there exists
Fi(f1,71) € FiNFext N Fk-decN Falpha satisfying The-
orem 1 (b)—(d). Theorem 1 (b) implies FT € F_qopts
and Theorem 1 (c) implies F'' € For.. We show that
FT satisfies Theorem 4 (a)—(c).

(Theorem 4 (a)) Directly from Theorem 1 (d).

(Theorem 4 (b)) Since F' € Z N Fiorx, there
exist b,b’ € C¥~1 such that 0b, 1b' € Pl’fﬂw. Since 0b <

01! < 1¥’ and 0b < 10*~! < 1¥, we have
{or*1, 1001y € ok, @ Pk, (38)

where (A) follows from Corollary 2 and F'' € .%,,.

(Theorem 4 (c)) If & = 0, then by FT € F_gec
and [3, Lemma 4], the mappings fg, flJf, e f|TF|71 are
prefix-free, in particular, injective as desired. We show
the assertion for the case k > 1 by contradiction as-
suming that f](s) = fi(s') and s # s hold for some
i € [FT] and s,s’ € S. Then we obtain

PI}CT‘ |-,— (s) mPFT T( D) D) {Olkila 10]671} 7é Q)a
where (A) follows from (38). This conflicts with FT €
yk—dec- O

3.5 Proof of Theorem 5

Proof of Theorem 5. By Theorem 4, there exists
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F(f,T) € Fiaopt satisfying Theorem 4 (a)—(c).

By Theorem 4 (b), we have P, = {0,1} for any
i € [F]. On the other hand, P o, Pf,, - .- 77311;,‘“71 are
distinct by Theorem 4 (a). Therefore, it must hold that
Fc.ZW and P}, = {0,1}.

By [3, Lemma 4], to prove F' € Fy_gec, it suffices
to show that the only code table fy is prefix-free. Now,
we choose s, s’ € S such that fo(s) < fo(s’) arbitrarily.
If we assume fo(s) < fo(s'), then

Prro(s) N Pro(fo(s) = {0,1} NPro(fo(s))
= Prolfols)

(A) 1 *
[fo( ) fo(8)PE g s) )
(B)
# 0,
where (A) follows from Lemma 2, and (B) follows from
F € Zoy; this conflicts with F' € %#1_gec. Therefore,
it must hold that fo(s) = fo(s’), which implies s = &

by Theorem 4 (c). This shows that fj is prefix-free as
desired. ]

3.6 Proof of Theorem 6

Proof of Theorem 6. By Theorem 4, there exists F' €
Fa-aopt N Firr satisfying Theorem 4 (a)—(c). We show
that this code-tuple F satisfies Theorem 6 (a)—(c).

(Proof of (a)) In the case b = A, then s # s’ implies
fi(s)b = fi(s) # fi(s') by Theorem 4 (c). Hence, now
let b = b; € C'. We prove by contradiction assuming
that s # s’ and f;(s)by = fi(s’). Then we have

PR = [PRUO],
S (A A P
[

I e

[9]
—
(=
?j

;q

3

B
~

(B)
2 [b:{01,10}],
= {010,011},

where (A) follows from Lemma 2 and (B) follows from
Theorem 4 (b). Therefore, we obtain

_ (A)
Proris) N PEi(fi(5)) 2 {01,103 N {610,611} # 0,

where (A) follows from Theorem 4 (b). This conflicts
with F' € yg_dec.

(Proof of (b)) We prove by contradiction assuming
that | f;(s)| > 1 and |PZ |+ Pk, (fi(s))| < 4. Then
there exists b = b1by € C*\ P3;(fi(s)) because

P2 (S 2 P2 o+ 1PRa(fils))] <4, (39)
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where (A) follows from [8, Lemma 3] and Theorem 4
(¢c). Then we have

[fi(5)bl,

= QF,iv

where (A) follows since |f;(s)| > 1, (B) follows from
Theorem 4 (b), and (C) follows from Lemma 6 (iii).

Hence, we obtain f;(s)b € Pf; by Theorem 2 and
F € Z;,.. Therefore, there exists £ € ST such that

fi (@) = fi(s)b. (40)

Then f;(z1) > fi(s) or fi(zx1) < fi(s) holds. Since
b ¢ P%,(fi(s)) and (40) hold, the latter f;(x1) < fi(s)
must hold. By (a) of this theorem, it holds that
|fi(x1) 71 fi(s)| > 2, so that we have

)
[fi(x1) 7 fi(s)], € Pri(fi(xn)). (41)

() Sl (z)) = fi(z) 7 fi(s)b =
1fi(3)]2 and thus

[fi(@1) 7 fi(5)] 5 € Phoriany- (42)
By (41) and (42), we obtain

PFT(wl)mPFz<fl(‘T1)) {[fl<x1 1fz

which conflicts with F' € %9 _gec.

(Proof of (c)) Choosing ¢ € [F] and s €
argmaxyes | fi(s')|, we have PR (fi(s)) = 0. Then by
(b) of this theorem, PFT(S = {00,01,10,11} holds,

so that {00,01,10,11} € £%. Also, by Theorem 4
(b), we have P%, 2 {01, 10} which leads to 2% C
{{00.01, 10,11}, {00,01,10}, {01,10,11}, {01,10}}. The
condltlon L@ | = |F| is directly from Theorem 4 (a).
O

Also, by (40), we have f*
[fi (1)~

()]} #90,

4. Conclusion

In this paper, we introduced alphabetic code-tuples
imposing the constraints of alphabetic codes to code-
tuples proposed in [3,4] and investigated general prop-
erties of k-bit delay decodable alphabetic code-tuples
with the optimal average codeword length. As our main
results, we proved theorems to limit the scope of codes
to be considered when discussing k-bit delay alphabetic
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optimal code-tuples in theoretical analysis and practi-
cal code construction.

We first presented the following Theorems 1-3
modifying [4, Theorem 1], [4, Theorem 2], and |3,
Section III|, respectively. These three theorems are
summed up in Theorem 4, which implies that there
exists a k-bit delay alphabetic optimal code-tuple con-
sisting of at most 22(=1) injective code tables. For
particular cases k = 1,2, we showed further results as
Theorems 5 and 6: to obtain a 1-bit (resp. 2-bit) de-
lay alphabetic optimal code-tuple, it suffices to consider
only code-tuples consisting of a single prefix-free code
table (resp. at most four injective code tables satisfying
certain conditions).

The following topics remain as future works: anal-
ysis of the worst-case redundancy of Freg N Fexe N
Fr-dec N Falpha; generalization to d-ary alphabetic
codes, in which C :={0,1,2,...,d — 1}.

Appendix A: Proofs of the Lemmas
A.1 Proof of Lemma 5

Proof of Lemma 5. Since the necessity is clear, we now
prove the sufficiency. We assume that F' is not alpha-
betic. Then there exist ¢ € [F] and &,y € S* such
that

z<y, [fix)Z [, fi@)>[f{.

By f7(z) # f7(y) and the contraposition of Lemma 1
(iii), we have z ¥ y. Hence, £ and y can be written
asx = (x Ay)z',y = (x Ay)y for some 2’y € ST
satisfying 2} # yi. Then we obtain

&YW, &)>50) (A2

by (A-1), where j := 7;(x Ay). This shows the suffi-
ciency as desired. O

(A-1)

/ /
7 <Yy,

A.2 Proof of Lemma 6

Proof of Lemma 6. (Proof of (i)) Directly from Defini-
tion 13.
(Proof of (ii))

5 (A)

P;fii(b) = U
s€ES,
fi(s)=b

2 U e

SES,
fi(s)>b

= Q]IC’,Z (b)a
where (A) follows from Lemma 2, and (B) follows from

Lemma 6 (i).
(Proof of (iii)) Choose ¢ € C* arbitrarily. Let n :=

b_lfi(s)lpé‘,r,;(s)} &

Fn s):|

IEICE TRANS. 77, VOL.Exx-7?, NO.xx XXXX 200x
|f7(x)| and ¢ := |¢|]. Then we have

e € Qfria
& ' 2 e ST st (e fi(2),
Fro@) @) Scon [ (@) 7€ Seon fre @ (@)
— /2" ST st
(c= fi (=), f (zz
D or pr@ec o,
= c€Qp,,

where (A)s follow from (14).
(Proof of (iv))

cc Qlf?z(b)
= ce U P,

seS,
fi(s)=b

— TseS,de Qi st
(fi(s) = b,c= [bflfi(s)cl]k)
— se8,cectdd Py, st
(fi(s) =be=[b"'fi(s)c],,d < <d)
— TseS,dectdd ePi. st
(fi(s) = b,[b" fi(s)d], <e < b fi(s)d],)
= 75€8,%,¢ ¢ {bflfi(s)P;i’n(s)]k s.t

) Sce<c fi(zx"))

(fi(s) =be<e<e)
W e.e' € P (b)st.e<c<eé,

where (A) follows from Lemma 2. O

A.3 Proof of Lemma 7

Proof of Lemma 7. (Proof of (i)) We choose i € [F]
arbitrarily and prove by contradiction assgming that
there exists ¢ € C* such that ¢ € QFT (5N ’fm(fz(s))

Byce QFT (5)7 there exist d,d’ € ”PFT () such that

d<e<d. (A-3)

Also, by ¢ € QF;(fi(s)) and Lemma 6 (iv), there exist
e.e’ € Py, (fi(s)) such that

e<e<e. (A-4)

We now assume d < e because the symmetrical ar-
gument holds in the other case. Then we have d <
e < ¢ < d by (A-3) and (A-4). In fact, the in-
equalities hold: d < e < d', d £ e, and d' ¥ e be-
cause {d.d'} N {e,e'} C PFT(S NPE(fi(s)) = 0 by
F € %}, _qec. Hence, we have
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fi(s)d < fi(s)e < fi(s)d', (A-5)
(s)d £ fi(s)e, (A-6)
s)d & fi(s)e. (A7)
By e € P ;(fi(s)), there exists z € ST such that
fi(@) = fi(s)e, (A-8)
fi(z1) = fi(s). (A-9)

Also, by d,d' € P}
that

(s> there exist /.2 € 8T such

fi(s2) = fi(s)d, (A-10)
fi(sz”) = fi(s)d' (A-11)

Combining (A-8), (A-10), and (A-11) with (A-5)—
(A7), we obtain

fi(sa') < f} (@) < £ (sz”), (A-12)
fi(@) g 17 (sa'), (A-13)
fi(@) & fi (sz”) (A-14)

Since 1 # s by (A-9), we have x1 < s or 1 > s.

e In the case 1 < st by F' € F,ipha, it must hold
that f7(z) S ff(sz’) or ff(z) < f}(sz’), which
conflicts with (A-12) and (A-13).

e In the case 1 > s: by F' € F,ipha, it must hold
that fF(z) S ff(sz") or fi(z) > ff(sz), which
conflicts with (A-12) and (A-14).

(Proof of (ii)) We prove by contradiction assuming

that there exists ¢ € Q’} ri(s) 1 Q’; ri(s')" Then there
exist d,d’ € PFT ) and e, e’ € P?)Ti(s,) such that
d<c<d, e<c<e. (A-15)

By symmetry, we may assume e < d. Then we have e <
d < ¢ < € by (A-15). Further, the inequalities hold:
e<d<e',d¥e, andd ¥ e because {d,d'} N{e,e'} C
Pllfﬂﬂ(s) N Pllfﬂﬂ(s,) =0 by F € Fi.gec. Therefore, we
have

fi(s)e < fi(s)d < fi(s)e', (A-16)
(s)d & fi(s)e, (A-17)
) # fi(s)e'. (A-18)

By d € lef“n(s) and e, e € 7)1]371(5')7 there exist
z,z’, 2" € St such that

fi(sz) = fi(s)d, (A-19)

£ = filshe Y fi(s)e, (A-20)

f1(52") = fi(she E fis)el (A-21)

where (A)s follow from the assumption. Combining
(A-19)—(A-21) with (A-16)—(A-18), we obtain

i (8'x') < [ (sm) < [7 (s'2"), (A-22)

13
Fr(sz) B £ (s (A-23)
Ji (s2) £ f1(s'2") (A-24)

Since s # s', we have s < &’ 0rs>s’.

e In the case s < s': by F € Falpha, it must hold
that f7(sz) S fi(s'z’) or f}(sz) < f7(s'z"), which
conflicts with (A- 22) and (A-23).

e Inthecase s > s': by F' € Faipha, it must hold that

fi(sz) S fr(s'z”) or ff(sz) > fi(s'z"), which
conflicts with (A-22) and (A-24).

|

A.4 Proof of Lemma 8

Proof of Lemma 8. We prove by contradiction assum-
ing that there exist i € [F'] and &,y € ST such that

[i7(@) > fi"(y). (A-25)

By F’ € % and Lemma 3, we may assume

i<y, fi'(@) Ffi"Y)

7 () (suff ()] > F,

by extending z and y if necessary.
We consider the following three cases separately:

the case f/(z1) & f/(y1), the case f/(z1) = f/(y1), and
the case where f/(z1) < f/(y1) or fl(xz1) = fl(y1).

o The case f/(z1) & fl(y1):

| f77 ) (suff (@) = & (A-26)

Then we have

(A)

fi@) & fin) <= filz1) & filyr)
zéﬂuns<m>

(951) < filyr)

(@) < f* (),

where (A) follows from the assumption (a) of this
lemma, (B) follows from F' € Fipha and 1 < y1,
and (C) follows from the assumption (a) of this
lemma. This conflicts with (A-25).

e The case f/(z1) = f/(y1): Then by the assumption
(a) of this lemma, we have

filz1) = fi(z1) = fily1) = filyr).  (A-27)
Defining

¢ = |f1i(e (uti@))] . (A-28)
we have

€€ Phiri(a) (é) Qs 1(01) (E) Qri()  (A-29)

where (A) follows from Lemma 6 (i), and (B) fol-
lows from the assumption (b) of this lemma. Sim-
ilarly, we have
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¢ = [ £l (uff(y ))L € Qb - (A-30)
We have ¢ # ¢’ because
(&) (B)
{e}n{c} C Qlfv,n(xl) N Qlfr,n(yl) =0,

where (A) follows from (A-29) and (A-30), and

(B) follows from (A-27), F' € Fp-dec N Falpha, and

Lemma 7 (ii). In particular,
ctd, e>c. (A-31)

because

1% (A) !
fi'@) = fi(x)e,

1% & ’ ’

[i*) = fiy)e = fi(zr)e,
where (A) follows from (A-28), and (B) follows
from (A-30)
By (A-29) and(A- 30), there exist d € Pk ri(zy) B0

d e Plﬁ“m(yl) such that d > eand d’ <j ¢, so that
[ (xw) = fi(z1)d, (A-32)

* A
fiypw') = fi(yr)d' = fi(z1)d' (A-33)

for some w,w’ € S*, where (A) follows from
(A-27). By F € Zaipha, (A-32), and (A-33), we
have d =;, d' or d <; d’. The latter must hold
because

N

(A
{@} 0 {d'} € Prr o) VPR = O

where (A) follows from F € Zy_gec. Consequently,
we obtain
c<pd<pd <,

which conflicts with (A-31).

The case where f/(z1) < f/(y1) or f/(z1) > fl(y1):
Because of the symmetry, we prove only for the
case f{(x1) < fl(y1). By the same way as (A-29),
we obtain

¢ = [fiuy uft@)] € Qo)

Defining

¢ = [fla) T Fl)

(A-34)

o(suff(@))] . (A-35)
we have

c

[fl/(l’l) fz‘/(yl)'])]lg’,r,{(yl)}

Fila) ™ )P ],

> m

NS

s

2
[fz fz Y1 QF/ 7! (yl):|
<

INa

@) i) Q| (A30)

IEICE TRANS. 7?7, VOL.Exx-77, NO.xx XXXX 200x

C Qfi(filx1)),

where (A) follows from the assumption (a) of this
lemma, (B) follows from Lemma 6 (i), and (C)
follows from the assumption (b) of this lemma.
We have ¢ # ¢’ because

(A-37)

A e Sk (B)
{C}Q{C} c QF,'ri(xl) N QF,z(fl(xl)) = (Z)a

where (A) follows from (A-34) and (A-37), and
(B) follows from F € %y gec and Lemma 7 (i). In
particular,

ctc, e>c. (A-38)

because

1% (A) !
fi'@) = fi(x)e,

= F) fH @) T ) I gy (50 @)

(B
= fz(‘rl)

where (A) follows from (A-34), and (B) follows
from (A-35).
By (A-34) and (A-36), there exist d € PFT (21)

and d' € [fi(e1) " ily)Ph | S Phafi(a1)
such that d >, ¢ and d’ <, €, so that

fi(zw) = fi(x1)d,

@)

(A-39)

fypaw') = file) fi(e) ™ fi(yn) £y (@)

() ,
= fi(z1)d

for some w,w’ € S*, where (A) follows from
fi(x1) < fl(y1) and the assumption (a) of this
lemma. By F € Faipha, (A-39), and (A-40), we
have d =, d' or d <, d’. The latter must hold
because

{d} N {d'} € P oy N PE(fil1)

where (A) follows from F € Zy_gec. Consequently,
we obtain

(A-40)

A)

0,

c<pd<,d <
which conflicts with (A-38).

A.5 Proof of Lemma 14

Proof of Lemma 14. (Proof of (1)) We consider the fol-
lowing cases separately: the case i € [F]\ {()\)} and the
case where i = (z) for some z € S”.

e The case i € [F]\ {{\)}: We have f/'(s) = f/(s)

directly from the second case of (28).

e The case where i = (z) for some z € ST: We have
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f3y(2) A d because |f},(2)| = |d| + 1 by Lemma

13 (iii). Therefore, by the second case of (28), we

obtain f/'(s) = fi(s).

(Proof of (ii)(a)) Assume ¢ € Qf,, . To prove
c € Qhiy
ST such that f5y(@&') <k ¢ because the symmetrical

) it suffices to show that there exists z’ €

discussion shows that there exists £” € St such that
c <k; f/* ( //)

By ce QF,, , there exists £ € ST such that

fg';s (@) < e (A-41)

We have either f3,(z) <k f3)(2) or f1},(®) >k f1})(@)
because

®)

I (Z)I | @) =k, (A-42)
where (A) follows from (28), and (B) follows from
(A-41). If f73, (@) <p f5}(2), then

115 (@) <i 115 (@) <ie

as desired. Thus, it suffices to consider the case
oy @) >k 35 ().

Then in particular, we have f73,(z) # f/\)(2), which is
possible only if the first case of (30) is applied to z, and
thus we have

(A-43)

pref(d)d~" f5, (z) = {5 (@)
by the first case of (30). Then we have

(A-44)
(A-45)

)

=k f13) (@)
(B)

<k f ) (@)
=y, pref(d)d;d™

pref(d)d™" [}, ()

Loy (@),  (A-46)

where (A) follows from (A-45), and (B) follows from
(A-43). This leads to

l—1=|pref(d)| <k, (A-47)

d_1f<Ij<\> (&) <k—i141 dld_lf&) (z). (A-48)

Put [d_lféfw(a:)]k,lﬂ = e1€z...¢,_111 and d; = eq.
Then (A-48) is rewritten as

e1€g...e5_14+1 < €pe1€3...CL_J. (A-49)

Namely, there exists an integer 1 < 7 < k — 1+ 1 such
that
(A-50)

(A-51)

ej:0<1:ej,1,
Vite {1,2,...,]
This shows

- 1}, €5 = €4/ _1.
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dl:€0:€1 = € 1:1, <A52)

where (A)s follow from (A-51), and (B) follows from
(A-50). Therefore, we have

PRy pref(d)1 > pref(d)0 @ pref(d)d; @ b, (A-53)

where (A)s follow from (A-52), and (B) follows from
(24). Since [b); € Q’Ifﬂ’w = Ql%ﬁ(/\) by (17) and Lemma
12 (ii), there exists ¢’ € ST such that

T3y (@) < b.

By (A-47) and (A-54), we have f,(z) <i-1 b
>(-’L'/) =i—1bor f3, (@) <11
(') =1-1 b,

(A-54)

Namely, we have either f<’§
b. If we assume the former condition f&
then -

@) , @B

foy@) =i d > b,

where (A) follows from f7(2') = [f<’§\> (z’)}k -
5, @1 = Bt = pref(d) and (25), and (B} fol-
lows from (A-53); this leads to f(5,(2') > b, which
conflicts with (A-54). Hence, the latter condition
f3y (@) <i—1 b holds, so that

fy(@) < b
:(?_)1 pref(d)
=1 pref(d)d™ [}, ()
—l 1 f”* (@),

where (A) follows from (24), and (B) follows from
(A-45). Therefore, we obtain

(A-55)

(A-56)

(A) /1% (B) 1% !/

c >k fon (@) >k [ (@)

as desired, where (A) follows from (A-41), and (B) fol-
lows from (A-56).

(Proof of (ii)(b)) It suffices to prove that for any
(i,x,¢) € J x ST x C=*, we have

(A-57)

f(@) <l ¢ = 2’ € 8T st fI5 (&) <ol €
(A-58)

because the symmetrical discussion shows

(@) > ¢ = 2" € ST st fI7 (@) >0 €
(A-59)

and thus for any i € J and ¢ € C*, we have
ce Q’fw,i
— ' 2" e ST st f" (&) <pec <k fIF (")
A
Bl 3y 37 e 5F st (2 <p e <p fI* (")

<<~ cc< Q]}C?/,i
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as desired, where (A) follows from (A-58) and (A-59).
We prove (A-58) by induction on |z|. We choose
(i,x,¢) € J x ST x C=F arbitrarily and assume

fi" @) <ce, (A-60)

where ¢ = |¢|.
For the base case |z| = 1, we have

(B)
@) = fi) S @) = @) <ce

as desired, where (A) follows from (i) of this lemma,
and (B) follows from (A-60).

We consider the induction step for |x| > 2. Let
n = |f(x1)|. If n > ¢, then we have

(B)
Fe) L) f@) = f(@) <.c

as desired, where (A) follows from (i) of this lemma, and
(B) follows from (A-60). Thus, we consider the case
n < c¢. Then by (A-60), we have f/'(x1) =, f/"*(z) <

c. We consider the following two cases separately the
case f!'(x1) <, ¢ and the case f/'(z1) =, c.

e The case f/'(z1) <, ¢: We have
i (@) =n fi(x0) fi" (suff(z))
Eo 1/ () f7* (suff ()
<n

where (A) follows from (i) of this lemma. This
implies f/*(x) <. ¢ as desired since n < c.
e The case f/'(x1) =, ¢: We have

[ @) [ () (suff (2))

=c zﬂ*("l")
(A)
<cc

=c [c]n([c}n)_lc
EL @) @) e

©

=c f{(z1)fi(z1)" e,

where (A) follows from (A-60), (B) follows from
the assumption f/(x1) =, ¢, and (C) follows from
(i) of this lemma. Thus, we obtain

1! //(xl)(SUH( ) <

Now, we can see that there exists &' € ST such
that

>c—n z(xl) lc~ (A61)

Fian @) Sen film)le (A062)

dividing the following cases: the case 7/’ (x1) = (\)
and the case 7/'(z1) € J.

— The case 7/’ (x1) = (\): We have

IEICE TRANS. 7?7, VOL.Exx-77, NO.xx XXXX 200x

(77 () (st (@) ]c—n
€ PEy

where (A) follows from Lemma 6 (i), and (B)

follows from (ii)(a) of this lemma. Hence,
there exists &’ € §* such that
f‘ll':;’(a:l)(xl) <c-n f;—:’f(ml)(SUﬂ.(x)) (A 63)

Combining (A-61) and (A-63), we obtain
(A-62) as desired.

— The case 7/(xz1) € J: By (A-61),
we can apply the induction hypothesis to
(7! (x1), suff(z), fl(z1)"te) € T x St x C=F.

Finally, we have

i (@12’) = fi(@1) [ 0, (&)

A)

—c 2( )fT zl)(x/)
Sc fi(z) fi(z1) e

=c
as desired, where (A) follows from (29), and (B)
follows from (A-62).
(Proof of (iii))

Q’;:w’i(b): U {bilfgl(s)glg”,fg/(s)]k

SES,

C U [
Fl(s)=b
:Q]}C?’,i(b)v
where (A) follows from (i) of this lemma and i € 7,

(B) follows from (29), and (C) follows from (ii) of this
lemma and 7/(s) € {{(\)}UJ. O

A.6 Proof of Lemma 15

We can show F" € Free, F"' € Foxy, and L(F") <
L(F’) in the same manner as the proof of [4, Theorem
2]. Hence, we prove only F”' € F,ipha and F” € Fi_gec
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here.

(Proof of F"' € F,1pha) By Lemma 5, it suffices to
show that f*(z) & fI"*(y) or f/"*(z) < f/*(y) hold for
arbitrarily chosen i € [F’] and z,y € S* such that 2; <
y1. We consider the following two cases separately: the
case i € [F']\{(\)} and the case where i = (z) for some
z € Ssk.

e The case i € [F'] \ {(\)}: The assertion follows
from Lemma 8. Indeed, Lemma 8 (a) follows from
Lemma 14 (i); Lemma 8 (b) holds because for any
s € S, we have

k (A) Ak (B) k
Qpr sy = Lrvris) S Lrrer(s)

where (A) follows from (29), and (B) follows from
Lemma 14 (ii) since 7/(s) € [F'].

e The case where i = (z) for some z € SSL: We
prove by contradiction assuming that

fi@) 27 w), fi"@) > f"h).  (A64)
By Lemma 3, we may assume
£ (z9)] = 1d| (A-65)

by extending y if necessary.
If the second case of (30) is applied to both of x
and y, then we have

fll*(m) _ //* % fll* :f/*(y)’
fit(@) = ”*( ) > [ y) = fi"(y)
by (A-64); this conflicts with F' € Faipha-

Also, if the first case of (30) is applied to both of
z and y, then we have

~'pref(d)d ™ (f(5) (22))

= [ (2) " pref(d)d™" £13, (2y)

by (A-64). This leads to f/*(z) & f/*(y), and we
also obtain f/*(z) > f/*(y) in a similar way. These
conflict with F’ € Z,ipha-

Thus, the remaining case is one where different
cases of (30) are applied to £ and y. By symmetry,
we may suppose the first case of (30) is applied to
z and the second case of (30) is applied to y, which
is possible only if

oy (2) = d = f(5) (22), (A-66)
foy () <d 2[5 (2). (A-67)

Then we have
zy) £ d (A-68)

since (A-65) implies f<’§\>(zy) 4 d. Applying

Lemma 12 (i) and the contraposition of (25) to
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(A-68), we obtain
£33 (zy) & pref(d) (A-69)
Hence, we have
£33 (z2) & 113 (29) (A-70)

since f<’j‘\> (zz) »= d > pref(d) by (A-66). Thus, we

have
pref(d)d " [}, (2z)
= @) 5 (Z)_lpfef(d)d_lfffw (2z)
2 115 ()
2 F5 (zy)
S 15 (), (A-71)

where (A) follows from (A-66) and the first case
of (30), (B) follows from (A-64), and (C) follows
from (A-67) and the second case of (30). Finally,
we obtain

. @ B)
foy(zz) = d>pref(d) > f(zy), (A-72)

where (A) follows from (A-66), and (B) follows

from (A-69) and (A-71). Equations (A-70) and

(A-72) conflict with F' € F,ipha-

(Proof of F" € Fi_gec) For z € §*, we define a
mapping ¢, : C* — C* as

T3y (@) dpref(d) = (f75, (2)b)
Ua(b) = § i 113, (=) < pref(d) < f75, (2)b,

b otherwise

(A-73)

for b € C*. Note that |b] < |¢,(b)] < |b] + 1. Then ¢,
satisfies the following Lemma 18 [4, Lemmal9].

Lemma 18 ( [4, Lemma 19]). The following statements
(i)—(iii) hold.
(i) For any z € S* and byb' € C*, if b X b/, then
Uz (b) 2 e (b).

(ii) For any z € S=F, x € SSL=121 and ¢ € C*, we
have

pref(f&“> (x))
i £5(2) < 153 (22) = doe =\
f</:> (&) (€) otherwise.

(1 (@)e) =
(A-T74)

(iii) For any z € S* and b € C*, we have 1,(b) = b.

Now we prove F" € Fj_qec. We first show that
F" satisfies Definition 4 (a). Namely, we show that
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771]?,/771//(8) NPE. ;(f{'(s)) =0 for any i € [F"] and s € S
dividing into the following two cases: the case i € J
and the case i € [F"]\ J.

e The case i € J: Then for any s € S, we have

P zir(e) 0 Pl (F7/(5))
(é) 'Pk Sk "
C Prozris) N Qi i(fi' (5))

(B) =
c QI;?”,T{'(S) N Ql}?’”,i(f{/(s))

(©) _
S Qrrpe) N Qi a(17'(5)

(D) .
S Qv rrr(s) N QL alF'(9))

(E) _
C Qb () N Qi (f7(5))

(F) ~
= Qs 105 N Qi (f1(5))
@y

where (A) follows from Lemma 6 (ii), (B) follows
from Lemma 6 (i), (C) follows from Lemma 14 (ii)
and 7/'(s) € JU{{A)}, (D) follows from Lemma 14
(iii) and 7 € J, (E) follows from (29), (F) follows
from Lemma 14 (i) and ¢ € J, and (G) follows
from Lemma 7, and F’ € Fj_dec N ZFalpha-

e The case ¢ € [F"]\ J: We prove by contra-
diction assuming that there exist z € S<L—1
s € ‘?, and ¢ € ’P}fﬂ,,«z)(fé;)(s)) ﬂP}?,,y(m). By
c < 771’3,,7<z>(f<’;>(8)), there exist £ € SY~I#l and
y € §* such that

fi @y) = fiy(s)e (A-75)
and
Foy(@1) = fi5(s). (A-76)
By Lemma 3, we may assume
|f(zey )| = max{k, 1} (A-77)

by extending y if necessary. By (A-76) and Lemma
13 (ii), we obtain

This shows that f<’z> is not prefix-free, which con-
flicts with F/ € Pk gec in the case k = 0 by |[3,
Lemma 4]. Thus, we consider the case k > 1, that
is,

cHE N\ (A-79)
Equation (A-75) leads to

T (@y) = fiy(s)e (A-80)
By (15 @) = 0a(fl (s)e)
L (11 @) ey @) = a1y (5)e)
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(2 (@) V22 (f22) ¥) = V= (f17) (s)e)

(2 (@) (f22y @) = 1) (5)¥2s(0)

(5 (@) f ) W) = [z (8)zs(c)
f<z>(8) Fioy @) f ey () = as(e), (A-81)

where (A) follows from Lemma 18 (i), (B) follows
from Lemma 1 (i) and Lemma 11 (i), (C) follows
from (A-77) and the second case of (A-74), (D)
follows from (A-79), and the second case of (A-74),
(E) follows from Lemma 18 (iii) and |zz| = L, and
(F) follows from (A-76).

Since [izs(e)| > |e| = k, we can define [1),5(¢)],
and we obtain

[Y2s(€)]x

B ()7l @) Ly )],

€ [f(lz>( 5)” f(/z)( z) P ,(z) ]k

(B) ! —1 prx *
C [fiy (&) 3 (@) Qb 2y |1

(©)

- [f</z>(5)71f(/2)( )95, za:}]k

= [fiay(8) " oy @) f30y (Pref(2) Qo 2y ],
(D)

- [féz)(8)_1f</z>(xl)Q}",<zwl>]k

€ b g (F1ay () (A-82)

where (A) follows from (A-81), (B) follows from
Lemma 6 (i), (C) follows from Lemma 14 (ii)(b)
and |zz| = L, and (D) follows from Lemma 6 (iii).
On the other hand, by ¢ € P, (zs) and (7), there

exist € SE~1#3l and y € S* such that
fizy(@y) = (A-83)
By Lemma 3, we may assume
[y @) 2 k=1 (A-84)

by extending y if necessary. We have

T @ f ey @) D Flrg @) sa () ¥)
(©)
= sz(c>v (A' 85)

where (A) follows from Lemma 18 (iii) and |zsz| =
L, (B) follows from (A-84) and the second case of
(A-74), and (C) follows from (A-83) and Lemma
18 (i). Hence, we have

[as (@) 2 [z @) Flray )],
[f(zs ( )PF”7<zsm)]k
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(B)

c [f(l:s (m)Q*F”,<zsm>]k
[f(zs ( )Q;",(zs:ﬂ]k

= Q%’7<ZS>7 (A’ 86)

where (A) follows from (A-85), (B) follows from
Lemma 6 (i), (C) follows from Lemma 14 (ii)(b)
and |zsx| = L, and (D) follows from Lemma 6
(i)

Equations (A-82) and (A-86) conflict with F’ €
Fk-dec and Lemma 7 (i).

Consequently, F” satisfies Definition 4 (a).

Next, we show that F” satisfies Definition 4 (b).
Namely, we show that for any ¢ € [F"] and s,s" €
S such that s # ¢ and f/'(s) = f/'(s"), we have
7311?,/775,(8) n 771’?,,%,,(8,) = (. We prove for the follow-
ing two cases: the case i € J and the case i € [F"']\ J.

e The case 1 € J: For any ¢ € J and s,s’ € S such
that s # ¢ and f/'(s) = f/'(s'), we have

fi(s) = fi(s) (A-87)
by Lemma 14 (i), and we have

Pk npr (é) ok nok
F”,'ri”(s) F”,Ti//(s, F”.’T{/(S) F”,Ti”(Sl)

(B)
C QF/ ”(S ﬁQF/ // )

@ QF/,T;(S) N QF/,T;(S/)

© g
where (A) follows from Lemma 6 (i), (B) follows
from Lemma 14 (ii) since 7/'(s) € J U {{(\)} by
i€ J, (C) follows from (29), and (D) follows from
Lemma 7 (ii), F’ € Fk_dec, and (A-87).

e The case i € [F"']\ J: We prove by contradiction
assuming that there exists z € SSE—1 5,6 € S,
and ¢ € Pfﬂ,,KZS) N 731’2,,7(zs,> such that s # s’ and

Fy (s) = fizy (). (A-88)
By the similar way to deriving (A-86), we obtain
[W25(O)]k € Qv 129 (A-89)

from ¢ € ’Pllfﬂ,%m). By (A-88) and Lemma 18 (i),
we have

Pizy ([l (8)) = iy (F15)(8)- (A-90)

By Lemma 18 (ii), exactly one of f<’z>(s) = f<'z>(s’)7

Fiay(8) = fiy(s), and fiy(s) = fi,(s") holds.

Therefore, f<z is not prefix-free, which conflicts
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with F’ € P qec in the case k = 0 by [3, Lemma
4]. We consider the case k > 1, that is,

c# A (A-91)
We consider the following two cases separately:
the case f(,,(s) = f(,,(s') and the case fi,(s) <
f<’z>(s’). Note that we may exclude the case
fizy(8) = f1,)(s") by symmetry.
— The case f(,,(s) = f(,(s'): By (A-73), we
have 1,5(¢) = 1,¢ (€) and thus
(A)

[Ves(©)lk = e (©lk € Qv 2wy, (A-92)
where (A) is obtained from ¢ € ’P}lf"’,(zs/) in a
similar way to deriving (A- 86).

Equations (A-89) and (A-92) conflict with
Lemma 7 (i), F' € Pr.dec, and f<’z>(5) =
11y ().

— The case f<’z>(s) =< f<'z>(s'): By (A-73) and
(A-88), this case f(,)(s) < f(,)(s') is possible
only if the first case of (A-74) is applied to s’

and the second case is applied to s. Namely,
we have

() < 5, (28) = d. (A-93)
so that
Floy(s) E e (715(9))
2 (125 (s)
S pref(1,,(s")), (A-94)

where (A) follows from the second case of
(A-74), (B) follows from (A-90), and (C) fol-
lows from the first case of (A-74) and (A-93).
Thus, we have

iz ()dl = pref(f y(s"))dy
=[5y (2)” 1f O (2)pref(fr,, (s")di

D 1, (2) " pref (£73, (2))dy
©) s
()

9 115 (2) pref(d)d,
:f’* (2)"'d
G ()7 (29)
@ w(z) w( )1y ()
= fz)(s), (A-95)

where (A) follows from (A-94), (B) follows
from Lemma 1 (i) and Lemma 11 (i), (C) fol-
lows from (A-93), (D) follows from (A-93),
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and (E) follows from Lemma 1 (i) and Lemma

11 (i).
Also, we have
pref(d) & pref(f(3, (25"))
= pl"ef(f&) (Z)ffz> (s")

2 pref(£55 (2) 1z (5)e)
= f</§> (Z)f</2>(3)
=f </f\> (2s),

where (A) follows from (A-93), and (B) fol-

lows from (A-95).
By ¢ € P¥, (zsry and (7), there exist z €

SL=I='l and y € §* such that

(A-96)

fizo (@y) = (A-97)
By Lemma 3, we may assume
[fZvny @) 2 k> 1 (A-98)
by extending y if necessary. We have
Yas(€) = f(3) (25)~ dpref(d) ™" (f(3) (25)c)
(A-99)
by the first case of (A-73) because
15y (25) © pref(155) (25')
© pref(d)
= 1y @)
< f/\> (zs)e, (A-100)

where (A) follows from (A-94), (B) follows
from (A-93), (C) follows from (A- 96), and (D)
follows from (A-91). Thus, we have

Flay ()l @) {2y ()

D oy () ) @)z (L @)
D o (5 oaar (o (@) F vy @)
(C)f (8 Yz ({2 (@)

Ly (8 bewr (©)

fizy (s)dipzs (€)

= f(;)(s)dlc
= flo(s s)pref(d)~*dpref(d) ! (pref(d)c)
L i) (91173, (25) " dpref(@d) ! (£3, (25)e)

(H)

= f(/z> (8)1)2s(c),

(D
>

E
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where (A) follows from Lemma 18 (iii), (B)
follows from (A-98) and the second case of
(A-74), (C) follows from Lemma 1 (i) and
Lemma 11 (i), (D) follows from (A-97) and
Lemma 18 (i), (E) follows from (A-95), (F)
follows from the second case of (A- 73) because
f<’f\> (zs") =< pref(d) does not hold by (A-93),
(G) follows from (A-96), and (H) follows from
(A-99).

Hence, by the assumption f7,,(s) < f/,,(s"),
we have

Vas(€) = flo) ()7 oy () f oy (@) F Gy @)

(A-101)
Since |1,s(c)] le] = k, we can define
[tzs(€)]k, and we obtain

[Vzs(0)]i
(A) [f(z (s)~ f ( )fzs/>(m)f<l;§/m>]k

[f(z)( ) f{z)( )f(zs’}( ),Pllg'”,(zs’w)]k
(B)

C [y (6) ™ Sy () oy @) Qo (o]
s, s’)f< /@) Q)
i, (')Q e,

c ok, (f ()), (A-102)

where (A) follows from (A-101), (B) follows
from Lemma 6 (i), (C) follows from Lemma 14
(ii)(b) and |zs'z| = L, and (D) follows from
Lemma 6 (iii).

Equations (A-89) and (A-102) conflict with
Lemma 7 (i) and F’ € F_dec.

Consequently, F" satisfies Definition 4 (b).

Appendix B: List of Notations

AxB

Al
Ak

Az

Ak

A*

the Cartesian product of sets A and B, that
is, {(a,b) : @ € A,b € B}, defined at the
beginning of Section 2.

the cardinality of a set A, defined at the
beginning of Section 2.

the set of all sequences of length k over a set
A, defined at the beginning of Section 2.
the set of all sequences of length greater
than or equal to k over a set A, defined at
the beginning of Section 2.

the set of all sequences of length less than
or equal to k over a set A, defined at the
beginning of Section 2.

the set of all sequences of finite length over
a set A, defined at the beginning of Section
2.
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A+

the set of all sequences of finite positive
length over a set A, defined at the begin-
ning of Section 2.

{[z]k : ¢ € A,|z| > Kk} for a set A of se-
quences and an integer k > 0, defined at
the beginning of Section 2.

the coding alphabet C = {0,1}, defined at
the beginning of Section 2.

the negation of ¢ € C, that is, 0 = 1,1 =
0 defined at the beginning of the proof of
Theorem 2.

defined in Definition 2.

simplified notation of a code-tuple F(fo, f1,
ceos fmn—1,70sT1, -+, Tm—1), also written as
F(f,7), defined after Definition 1.

the number of code tables of F', defined after
Definition 1.

simplified notation of [|F|] = {0,1,2,...,
|F'| — 1}, defined after Definition 1.

defined in Definition 17.

the set of all code-tuples, defined in Defini-
tion 1.

the set of all m-code-tuples, defined in Def-
inition 1.

the set of all alphabetic code-tuples, defined
in Definition 12.

the set of all extendable code-tuples, defined
in Definition 5.

{F e Z:% €[F],Pr,; = {0,1}}, defined
in Theorem 3. ,

the set of all irreducible code-tuples, defined
in Definition 10.

the set of all k-bit delay decodable code-
tuples, defined in Definition 4.

the set of all k-bit delay alphabetic optimal
code-tuples, defined in Definition 15.

the set of all regular code-tuples, defined in
Definition 8.

the average codeword length of a code-tuple
F, defined in Definition 9.

the set {0,1,2,...,m — 1}, defined in Defi-
nition 1.

defined in Definition 3.

defined in Definition 3.

defined in Definition 3.

defined in Definition 3.

{Pk; :i € [F]}, defined in Theorem 1.

the sequence obtained by deleting the last
letter of =, defined at the beginning of Sec-
tion 2.

the transition probability matrix, defined in
Definition 6.

defined in Definition 6.

defined in Definition 13.

defined in Definition 13.
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Qlfm defined in Definition 14.

Q}J defined in Definition 14.

Rr defined in Lemma, 4.

S the source alphabet, defined at the begin-
ning of Section 2.

suff(z) the sequence obtained by deleting the first
letter of z, defined at the beginning of Sec-
tion 2.

T the i-th letter of a sequence x, defined at the
beginning of Section 2.

|| the length of a sequence z, defined at the
beginning of Section 2.

TNy the longest common prefix of & and y, de-
fined at the beginning of Section 2.

z <y <z is a prefix of y, defined at the beginning
of Section 2.

z <y z Xyandx #y, defined at the beginning
of Section 2.

T é Yy x <yorx >y, defined at the beginning of
Section 2.

x~ 'y  the sequence z such that zz =y, defined at
the beginning of Section 2.

z <y  zisless than or equal to y in the total order,
defined after Definition 12.

z<py x| > kyl > k, and [z]x < [y]k, defined
after Lemma 5.

z<ry |z| > k|y| > k, and [z]; < [y|k, defined
after Lemma 5.

x=ry l|z| > k |yl > k, and [z]x = [y]k, defined
after Lemma 5.

zA {zy : y € A} for a sequence z and a set
A of sequences, defined at the beginning of
Section 2.

[2]% the prefix of length k of &, defined at the
beginning of Section 2.

A the empty sequence, defined at the begin-
ning of Section 2.

7 the source distribution u: S — (0,1) C R,
defined at the beginning of Section 2.

w(F) the unique stationary distribution of F', de-
fined in Definition 8.

T defined in Definition 2.
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